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Using Pontryagin’s principle to determine the structure of an optimal control strategy for heat-
pump air conditioning with thermal storage

Peter Pudney,Rong Xu

e The optimal control of a heat-pump air-conditioning system with thermal storage must balance heat-pump efficiency
against time-of-use electricity costs

e Pontryagin’s principle can be used to derive control modes and switching times for the optimal control of the heat
pump, and for heat transfer to or from the conditioned space

e The optimal control operates the heat pump when the electricity price is low and the heat-pump efficiency is high

e The optimal control incorporates pre-heating or pre-cooling the conditioned space.
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ABSTRACT

Heat-pump air-conditioning systems are efficient but often contribute to peak demand on electricity
grids. By incorporating thermal storage, the operation of the heat pump can be separated in time from
the heating or cooling of the conditioned space, so that the electrical load occurs when electricity is
clean or cheap.

We use an energy-based model of a heat-pump air-conditioning system to formulate and solve the
problem of how to control the heat pump and the transfer of heat between the store and the conditioned
space so that the operating cost is minimised. We take into account the efficiency of the heat pump,
which varies in time with ambient temperature. We also consider thermal losses from the store and the
conditioned space, target temperatures in the conditioned space, and a time-of-use electricity tariff.

Using Pontryagin’s principle to derive necessary conditions for the optimal control gives important
insights into the structure of the optimal control strategy. The heat pump operates at full power when
the price of electricity is low and the efficiency of the heat pump is high, and at partial power when
the store is empty or full. Heat transfer occurs at full rate when active heating or cooling is required,
or at partial rate when maintaining the target temperature in the conditioned space. The necessary

conditions can be used to determine the sequence of controls and precise switching times.

1. Introduction

As the world becomes more reliant on electricity gener-
ated from variable renewable energy sources such as wind
and solar, it is becoming increasingly important for house-
holds to align their energy use with the available supply
of renewable energy. In many climates, air conditioning
accounts for a significant proportion of residential electricity
use, with peak demand for heating or cooling in the evening
as solar generation falls to zero and the price of electricity
from the grid is highest.

One way to help households match their air-conditioning
load to the available supply of renewable energy is to incor-
porate thermal storage into the air-conditioning system so
that the production of heat or cooling energy can be done
when the price of electricity is low, independently of the
required heat transfer to or from the conditioned space.

We consider the use of a heat-pump air-conditioning
system with thermal storage for heating and cooling. We
start by modelling the heat flows in the system when heating,
including heat losses from the store and conditioned space,
heat flow from the heat-pump to the store, heat flow from
the store to the conditioned space, and temperatures in the
store and conditioned space (Section 3). We then formulate
an optimal control problem—manage the power to the heat-
pump and the heat flow from the store to the conditioned
space to minimise the cost of satisfying given temperature
constraints in the conditioned space (Section 4). The neces-
sary conditions for an optimal control can be found using
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Pontragin’s principle (Section 5). Although Pontryagin’s
principle is sometimes regarded as being difficult to use, it
often leads to insights into the structure of an optimal control
strategy that can be used to implement simple controls. We
show that an optimal control has:

e three simple modes for heating the store: power off,
maximum power, and intermediate power used when
the store is empty or full

o three simple modes for transferring heat from the store
to the conditioned space: zero transfer, maximum heat
transfer, and intermediate heat transfer to maintain the
minimum desired temperature.

In Section 6 we show how these control modes can be
combined and sequenced to meet heating requirements in
different scenarios. Section 7 describes the changes to the
model and necessary conditions when the system is used
to cool the conditioned space, and gives an example. Sec-
tion 8 summarises the rules for constructing optimal control
sequences.

2. Related work

Our aim is to use Pontryagin’s principle to derive the
necessary conditions that define the structure of an optimal
control strategy for an air-conditioning system with storage.

Several authors consider the problem of controlling air-
conditioning systems incorporating thermal storage, but use
heuristic control methods (Arteconi, Hewitt and Polonara,
2013; Dar, Sartori, Georges and Novakovic, 2014; Schibuola,
Scarpa and Tambani, 2015; Jarvinen, Goldsworthy, Pudney,
White, Cirocco and Bruno, 2023) or ‘black box’ optimisa-
tion methods including Sequential Quadratic Programming
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(Kintner-Meyer and Emery, 1995), Dynamic Programming
(Henze, Dodier and Krarti, 1997)), Mixed Integer Lin-
ear Programming (Renaldi, Kiprakis and Friedrich, 2017;
Risbeck, Maravelias, Rawlings and Turney, 2017), genetic
algorithms (Liu, Zhu, Zhao, Ren, Groll and Cai, 2017), col-
location solvers (Salameh, Schalbart and Peuportier, 2021)
or neural networks (Mufoz, Garcia-Hernandez, Ruelas,
Palomares-Ruiz and Alvarez Macias, 2022). These methods
do not give direct insight into the structure of an optimal
control strategy.

Zhang, Stockar and Canova (2016) use Pontryagin’s
principle to find a control strategy for car air conditioning,
but do not consider the thermal dynamics of the cabin and
do not consider thermal storage.

Zargari, Levron and Belikov (2019) and Chowdhury,
Ofir, Zargari, Baimel, Belikov and Levron (2021) use Pon-
tryagin’s principle and dynamic programming to show that
the optimal control of an energy system with storage is
equivalent to finding the shortest path through a tube defined
by bounds between the load profile and the load profile plus
storage capacity. Gates and Westcott (1996) showed a similar
relationship for solar racing cars. Chowdhury et al. (2021)
consider a grid-connected storage device with losses that
depend on the control. In our case, losses depend on the state
of the store.

Cirocco, Pudney, Riahi, Liddle, Semsarilar, Hudson and
Bruno (2022) use Pontryagin’s principle to determine con-
trol strategies that minimise the cost of operating an indus-
trial cooling system with ice storage, PV electricity genera-
tion and real-time electricity prices. The optimal strategy has
four operating modes, depending on the import and export
prices for electricity:

e maximum charging of the thermal store when the
import and export prices are low

e limited charging of the thermal store when the import
price and export prices are low but there is a cost
associated with the demand for electricity

e use of solar energy to charge the store when import
price is high but the export price is low

e discharging the store when the import and export
prices are high.

The critical price that determines the operating mode de-
pends on the predicted future loads, PV generation and
electricity prices. Our problem is different—we consider
simpler cyclic time-of-use pricing, but allow the temperature
of the conditioned space to vary within limits.

Fleming, Barbour and Urquhart (2025) use Pontryagin’s
principle to find a control strategy for a home heating system
with a heat pump and thermal energy storage, to minimise
the cost of running the heat pump with a dynamic electricity
price. They assume the heating demand for the conditioned
space is a known function of time, so they do not consider
pre-heating of the space as part of the control. They find solu-
tions using Dynamic Programming on 30-minute intervals,

and using Pontryagin’s principle. The optimal control is a
function of a single co-state variable, which they estimate
to keep the state-of-charge stable over long time intervals.
Their store had a capacity of 100 kWh, which was sufficient
to mean that it never became full.

3. System model

Figure 1 shows a schematic diagram of an air-conditioning
system with storage. Our model, and the diagram, depict
heating. Cooling would reverses the heat flows. For the rest
of this paper we focus on heating.

T, T. T,

e € e

qis @

Figure 1: Schematic diagram of an air-conditioning system
with thermal storage

In this diagram:
e T, is the external temperature

e P is the time-varying electrical power to the heat
pump

e g, is the rate of thermal energy flow into the heat pump

e g, = 1P is the rate of thermal energy flow from the
heat pump to the thermal store

e O € [0, 0] is the stored thermal energy

e g is the rate of thermal energy flow from the thermal
store to the conditioned space

o T is the temperature in the conditioned space

® g is the rate of thermal energy flow from the store to
the atmosphere.

e g is the rate of thermal energy flow from the condi-
tioned space to the atmosphere.

All of these values will vary with time. External tem-
perature T, and the price of electricity r are given functions
of time. The desired minimum temperature 7, in the
conditioned space is also a given function of time.

We ignore solar heat gain and heating from occupants
and appliances, but these could be modelled as additional
time-varying heat flows into the conditioned space.

In practice, the Coefficient of Performance (CoP) # of
the heat pump will vary with the external temperature T,
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which will vary with time. We will approximate the CoP
when heating water by

a Th

n(t) - Th - Te(t)

where T}, is the temperature of the heated water in kelvin, T,
is the external air temperature, which varies with time, and a
is a constant (Lovegrove, Alexander, Bader, Edwards, Lord,
Mojiri, Rutovitz, Saddler, Stanley, Urkalan and Watt, 2019).
In our examples we assume 7;, = 80°C and a = 0.7.

The system is controlled by varying the electrical power
P to the heat pump and the heat transfer rate g from the store
to the conditioned space.

4. Problem formulation

We wish to determine a heat-pump power profile P and
a heat transfer rate g that will keep the conditioned space
at or above the required minimum temperature 7, with
minimum total cost. The conditioned space is not likely to
overheat if we are minimising the cost of heating, so we
won’t specify a maximum temperature T,,,,.

Our aim is to understand the structure of an optimal
control strategy rather than accurately model the thermal
performance of the system, so our thermal models are de-
liberately simple. We assume that the temperature in the
conditioned space will evolve according to the differential

equation

. 1
TZE(q_ql) 1

where C is the heat capacity of the conditioned space in
JK~! and q is the controlled rate of heat flow from the store
to the conditioned space. The heat loss from the conditioned
space is

q=k(T-T,)

where k is a heat loss factor for the conditioned space, in
W K~!, which depends on the size of the conditioned space
and the conductivity of the envelope.

The energy Q in the thermal store will evolve according
to the differential equation

O=q,—qs—4q
with constraint 0 < Q < Q.- When heating, the heat flow
into the store is

qn =nP

where P is the electrical power to the heat pump and  + 1
is the coefficient of performance (CoP) of the heat pump,
which varies with the external temperature.

We also assume that heat is stored as sensible heat
in water. If the minimum usable mean temperature of the
stored water is Ty, and we add heat O then the new mean
temperature of the store will be

o

TS=TSO+E

S

where C, = 4200m is the heat capacity of the water in J K~!
and where my is the mass of water in the tank.
The heat loss from the store is

45 = ki (Ts - Te)

where k is a heat loss factor for the store, in W K~!. The
change in stored energy is therefore given by

Q=nP—kS<Tso+%—Te>—q. 2)

We want to minimise the total cost of heating the condi-
tioned space

t
Jz/fP(t)r(t)dt
0

where r(¢) is the cost of electricity at time ¢. If we want the
optimal control strategy to be repeatable for a sequence of
time intervals, such as days, then we also require Q(7 ) = Q,
and T(tf) =Ty.

5. Pontryagin analysis

We will find the optimal control using the direct adjoin-
ing approach described by (Hartl, Sethi and Vickson, 1995,
Section 4). The state of the system is the temperature T of the
conditioned space and the energy in the store Q. The controls
are the electrical power P to the heat pump and the rate of
heat transfer g from the store to the conditioned space. The
constraints on the system are

P €0, P,,]
q € [0, gnax]
0 € [0, 0]
T>T,

min

where Py ,y, Gmax and Q. are constants and T,;, is a given
function of time.

S.1. Hamiltonian and Lagrangian
The Hamiltonian for our system is

H =—AyPr+ 4 <17P—kS <Tso+ g —Te> —q>

N

+ Azé(q — k(T -T,)) 3)

where 435 > 0, A and A, are Lagrange multipliers, and where
Agisaconstantand Ay, 45, P, q, O, T, T, and r are functions
of time. The Lagrangian is

L=H+u P+ p(Ppax — P)+ 439 + p4(qmax — @)
+v10 + vy(Qpax — Q) +v3(T = Ti1) 4)

where uy, py, 43, 4y, vy, Vo and v are Lagrange multiplier
functions of time.
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5.2. Necessary conditions for an optimal control

The Pontryagin principle says that the optimal control
will maximise the Hamiltonian. The Hamiltonian can be
rewritten as

H:(ﬂln—/lor)P+</12é—/11)q+m )

where the omitted terms do not depend on the control
variables P or g. The optimal control depends on the sign
of Ac — Agr and Azé — Ay. For power P:

o if ;n—Agr < O then H is maximised by setting P = 0

o if 4;n — Agr = 0 then P can take on any value in
[0’ Pmax]
o if Jyn — Agr > 0 then H is maximised by setting
P=P,..
For the heat transfer rate ¢ from the store to the conditioned
space:

o if A, —CA; < Othen H is maximised by setting g = 0

e if A — CA; = O then g can take on any value in
[0, gmax ]

e if A, — CA; > 0 then H is maximised by setting
q = qmax‘

The Karush-Kuhn-Tucker conditions are
oL
5p =0 = An—dor+ i~y =0 (6)
oL Ay
— =0 = = —A +u3—puy =0. 7
Py c Mt Hs T (N

The adjoint variables 4; and A, evolve according to the
differential equations

. oL k
ﬂ]=—@=6z/11—vl+V2 (8)
; oL _k
ﬂzz—ﬁ = Eﬂz—\/?). (9)

The complementary slackness conditions are

My 20 P =0
Hy 20 (P —P)=0
uz; >0 u3q =0
Uy 20 H4(Gmax — ) =0
vi >0 vi0=0
V20 v»(Qnx—0)=0
v3 >0 V3(T = Tpin) = 0.

At the final time #; we have
A(ty) = BbLlte] + yhilt] (10)
where 4 = (41, 4,), f = (B1,P,) and ¥y = (y;,¥5,73) and

where
* _ Q(t) - QO * _ 1 0
b () = <T(t)_TO> = b1 = <0 1)

and
o 1 0
(@) =|0Omx — 0| = hj‘c[tf] =|-1 0 (11)
T —Tin 0 1

and s0 (41, 4y) = (By +v1 — 12, B + 13)-

Our problem is a ‘normal’ problem (the linearised ver-
sion is completely controllable and satisfies the Slater con-
straint qualifications) so we can set A, = 1. The conditions
that determine the optimal control become:

e if A;n —r < 0then H is maximised by setting P =0
e if A;n—r = Othen P can take on any value in [0, P, ]

e if Ayy —r > 0 then H is maximised by setting P =
Pmax'

o if A, —CA; < 0then H is maximised by setting g = 0

e if 1, — CA; = 0 then g can take on any value in
[0’ qmax]

e if 1, — CA; > 0 then H is maximised by setting
4 = dmax-

The inequalities give regular control modes; the equali-
ties give singular control modes.

Hartl et al. (1995, equations (4.12) and (4.14)) give the
conditions for jump discontinuities in the adjoint values—
the adjoint variable 4 = (4;, 4,) can have a jump disconti-
nuity at time 7 if

Mz7) = AT + {()h} 7]

1

= M)+ (¢, 6.6 | -1
0

H*'[z7] = H'[77] = {(o)h][z] = H* [z 7]

- o O

where {(7) > 0 and {(r)h*[r] = 0. The jump discontinuities
in A can be written as

METl= 4T+ 6 -6
Alr7] = /12[T+] +&.
and so
e A; canjump downif Q =0
e Ay canjump upif O = O .«
e A, canjumpdownif T =T, .
5.3. Singular control modes
There are two singular control modes:
e Ayn = r, which allows partial power P € (0, P,,,)

e A, = CA4,, which allows partial heat transfer g €
(0’ qmax)'

Further analysis of these singular modes gives additional
necessary conditions for an optimal solution.
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5.3.1. First singular control mode: partial power

If A;n = r on any interior interval [z, 7{] with 75 < 7y,
and the price r is constant on that interval then differentiating
Ain = r with respect to t gives

d ; . : An
o [t =ndi+ 4 =0 = i =——.

From (8) we also have

A ksi +
= —A; =V +V,,
1 Cs 1 1 2

so on a singular interval these two expressions for A; must
coincide, and hence

P
A <—S+ﬁ)—v1+v2=o. (12)
G n

N

Here v; and v, must satisfy the complementary slackness
conditions

V]Q = O’ VZ(Qmax - Q) = 07

Vi, Vo > 0.
Hence

V1>0$Q=O, V2>0=>Q=Qmax'

The factor k,/C + #1/n will be positive unless the CoP
n is decreasing at a rate # < —nk,/C,. Our examples show
that this is possible in practice.

Now consider cases where (12) is satisfied, if kg > 0:

o If0 < O < O then vy = v, = 0 and (12) reduces

to
k 7

A —S+—>=O.
1<Cs n

This can occur if Ay =0 = r = 0, i.e. when the
price is zero, or if k,/C + 71/n = 0, which requires #
to be reducing at the precise rate ## = —yk,/C,, which
is unlikely.

o If the store is empty (Q = 0) then v, = 0 and v; > 0,
and (12) gives

k .
Vlzil (Es‘i‘g)ZO
N

If the price r >= 0 then 4, = r/n > 0 so we must
have
n

ks+'>o (13)
C. 7 '

N

That is, you cannot maintain partial power with Q = 0
if the CoP # is reducing too rapidly.

o If the store is full (O = Q,,x) thenv; =0and v, > 0,
and (12) gives

.
v2=—/11<65+s>20.
S

For r > 0 we have 4; = r/n > 0, so we require

kg 7
— +-<0. (14)
C 7
That is, the CoP # must be decreasing at a sufficient
rate.

5.3.2. Second singular control mode: partial heat
transfer
If A, = C4, on any interior interval [z, 7] with 7y < 7}
then we have 4, = C 4, and so, from (8) and (9),

kS
C E/II—V1+V2 =kﬁl—\/3

S

k k V3
— <E—€z>ﬂl+vl—\/2—6:0.

We assume that k,/C; < k/C in practice. The following
conditions are necessary for this singular mode to apply:

o if vy =v, =v3 =0,because T > T,;, and ¢ # 0
and ¢ # Q. then we must have 4; = 0 and hence
12 = O

e if A; > 0 then we require one or both of v, > 0 or
vz > 0, so the store must be full or T = T,

e if A; < 0 then we require v; > 0, so the store must be
empty.

6. Heating examples

In the following examples we assume that every day has
the same external temperature profile with a period of 1 day,
shown in Figure 2. This is a typical temperature profile for a
winter day in South Australia. We will express temperatures
in °C, but use kelvin as required when doing calculations.

- =
® 1 S

External temperature (°C)

o

IS

0 3 6 9 12 15 18 21 24
Time (hour)

Figure 2: External winter temperature profile

The examples have the same daily price profile, based on
residential time-of-use tariffs in South Australia:

0.30$/kWh ¢ € [00:00, 06:00)
rt) = 0.50$/kWh t € [06:00, 10:00)
0.20$/kWh ¢ € [10:00, 16:00)
0.50$/kWh ¢ € [16:00,00:00).

For the example problems we require the solution to
repeat daily, so Q(24) = Q(0), T(24) = T(0), 4,(24) =
41(0), and 4,(24) = A,(0) where the times are in hours.

P. Pudney & R. Xu: Preprint submitted to Elsevier
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The maximum electrical power into the heat pump is
P..x = 1.5kW and the maximum heat transfer rate from
the store to the conditioned space is ¢, = 4kW. The
energy capacity of the store for a 400 litre tank with a
usable temperature difference of 40 °C is Q,,,, = 67.2MJ.
We assume that the mean temperature of the tank varies
between 40 °C and 80 °C, with T, = 40 + Q. /C, where
C, = Oax/40. The heat loss factor for the store is k, =
2WK™!, the heat loss factor for the conditioned space is
k = 100WK~!, and the heat capacity of the conditioned
space is C = SOMJKL.

Example 1: Constant temperature

We start with a simple example where we maintain
temperature T(f) = T,,;,(#) = 20°C throughout the day.
The heat transfer rate required to maintain this constant
temperature is

q=k20-T,).

We assume that it is feasible to maintain the required tem-
perature, s0 g € [0, gyax]-

Over the period of a day we need to generate and store
enough heat to meet the heating requirements of the condi-
tioned space plus the losses from the store. The best time
to generate this heat will be when the price of electricity
is low and the efficiency of the heat-pump is high, during
the interval [10:00, 16:00). We expect the optimal solution
to fill the store during the day when the price of electricity
is lowest. If the stored energy is not sufficient to keep the
conditioned space warm overnight then further heating may
be required during the off-peak interval [06:00, 10:00). If
possible, we should avoid generating heat during the peak
periods [06:00, 10:00) and [16:00, 00:00).

Figure 3 shows the optimal solution for this scenario.
The top graph shows the energy in the store as a function
of time, with the control P = 0 indicated by blue lines, the
control P = P, indicated by red lines, and the control
P € (0,P,,) on the boundary Q = 0 or QO = Q.
indicated by orange lines. The background shading indicates
the price of electricity. The bottom graph shows the price
profile in grey and the value of A;# using the same colours
as in the top graph. The critical points are shown in the table
below the graphs. The red values in the table are values after
A1 has jumped.

To find an optimal solution we must solve the differential
equations that govern the energy Q in the store, the temper-
ature 7T in the conditioned space, and the adjoint variable 4,
that determines the power mode. The process of finding the
optimal solution is easiest to understand if you start at t =
10.

1. We want to get as much energy into the store while the
price is low, so we start with Q(10) = 0. Filling the
store does not take 6 hours, so we search for the most
efficient time in the interval [10, 16) to start filling the
store. The time interval [11.95, 16) is the interval [a, b]
with Q(a) = 0, O(b) = Q.- and A;(Hn() > r(t) on
t € (a,b).

2. We want to switch to P = 0 when the price increases
att = 16. We will have P = 0 as long as Ay < 0.5.
Solving the differential equations for Q gives O(24)
and hence Q(0). The adjoint value A, can jump up at
t = 16 since the store is full. We choose 1,(16) so that
A1(0) = 4,(24) gives the right behaviour on the next
interval ¢ € [0, 6).

3. We require additional heating on the interval t &
[0, 6). We switch from P = Oto P = P,,, atatime

a when A,(a)n(a) = 0.3. The switching time a = 4.40

puts enough energy into the store by time ¢t = 6 so that

the store is empty again at ¢ = 10. We know 4, at the
switching point, so can work back to calculate 4, at

times t = 0, t = 24 and = 16. The adjoint value 4,

can jump down at ¢ = 10 because we have Q(10) = 0.

The optimal solution delays overnight charging until the
end of the off-peak price period because this maximises the
efficiency of the heat-pump in this interval and minimises
the losses from the store.

Example 2: Evening heating

Our second example has a minimum temperature re-
quirement of T,;, = 20°C between 17:00 and 21:00, and
Trin = 16 °C at all other times.

Figure 4 shows the optimal solution for this example.
The line colour in the top two graphs indicates the value
of P: blue indicates P = 0, red indicates P = P_,, and
orange indicates an intermediate power. The line colour in
the bottom two graphs indicates the value of ¢: blue indicates
g = 0, red indicates ¢ = g, and orange indicates an
intermediate heat transfer. The critical points are shown in
the table.

In this example we find a control that meets the necessary

conditions by following these steps:

1. Create a temperature profile that follows the boundary
T = Tyin with g € (0, g,.) on the interval [17,21),
then apply ¢ = 0 on [21,24), set T(0) = T'(24), then
apply ¢ = O until time a = 11.15, so that applying
q = quax ON [a, 17) gives T(17) = T -

2. Set Q(0) = 2.54 so that the store becomes empty
exactly at 4 = 10. Keep the store empty on [10, 10.49),

heat with P = P, ,, during the cheapest price period
until ¢+ = 16, then set P = 0 on [16,24). The time
b = 10.49 is chosen so that Q(0) = Q(24).

3. If we set A;(10) = r(10)/#(10) and A,(a) = r(a)/n(a)
then A, evolves so that A,y =ront € [(0,b), A\n > r
ont € [b,16), A1y < ront € [16,24) U [0, 10), and
A1 jumps down at ¢ = 10.

4. To calculate 4,, find a value 4, so that 4, < CA(h)
until = 11.15. The value of 4, can jump down at t =
17 to follow 4, = CA4; on the interval [17,21), then
jump down again at ¢ = 21 so that 4,(24) = 4,(0).

Example 3: Home all day
Example 3 has T,;, = 20°C from 07:00 until 21:00
each day. The optimal solution is shown in Figure 5. In
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Figure 3: Optimal stored energy and adjoint value profiles for Example 1, with constant temperature

this example, heating the store during the cheapest period
only does not generate enough heat, so the optimal solution
requires the store to be filled during the cheapest period
t € [10,16) and additional heating during # € [0,6). The
critical features of the solution are:

e heat transfer to the conditioned space starts at ¢ = 3.32
so that T(24) = T'(0)

e the store must be empty at # = 10 and be completely
filled during the interval ¢t € [10, 16]

e A;n<ronte[0,442]and 1y > ront € [(4.42,6)
so that extra heating can occur overnight

e A, canjumpdownat? = 10 and canjumpupatt = 16.

Example 4: A leaky house

In this example we consider a house with a larger heat
loss coefficient, k = 200WK~!. The profiles and the
optimal solution are shown in Figure 6.

A cyclic solution requires more heat generation than can
be achieved by heating continuously during the cheapest
period t+ € [10,16) and filling the store overnight. To
overcome the storage constraint and avoid heating when the
price is high, some heat is transferred from the store to the
conditioned space overnight.

7. Cooling
7.1. Model changes

If the system is used for cooling instead of heating then
we need to make some changes to our model. We will still
use the heat flow directions indicated in Figure 1, but the heat
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Figure 4: Operation of the store and conditioned space temperature for Example 2

flow values will be negative when heat is flowing against
the arrows. In particular, we will have g. < g, < 0 when
the heat pump is operating, g € [—¢gy,x, 0] when cooling
the conditioned space, and T, > T, = ¢ < O,
T.>T = ¢, <0.

Operating the heat pump removes heat from the store
rather than pushing heat into the store, so the first term in
equation (2) changes sign to give

C (15)

S

Q=—ﬂP—ks <TSO+2_TC>_‘I'

Consequently, the Hamiltonian (3), with 4y = 1, changes to

H=-Pr+ 1 <—11P—ks <Tso+g—Te> —q)
S

+ Iy s(q - KT = T)) 16)

We replace the constraint ¢ € [0, gp,] With g €
[—@max- 0] and the constraint T > T,;, with T < T, .. to
give the new Lagrangian

L=H+ pu P+ py(Ppax — P)+ 113(q + qinax) — Ha9
+v0+ v (Qpax — Q) + v3(T = T).  (18)

The Karush-Kuhn-Tucker condition (6) changes to

% _0 = =M —r+p—pp=0

3P (19)
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Figure 5: Operation of the store and conditioned space temperature for Example 3

and equation (9) changes to

_9L _k

2= (20)

The conditions that determine the optimal control for P
become:

o if —A;n > r then H is maximised by setting P = P,,,
e if —A;n = rthen P can take on any value in [0, P_,,]

e if —A;n < rthen H is maximised by setting P = 0.

The conditions that determine the optimal control for g
change to:

e if A, —CA; > Othen H is maximised by setting g = 0
o if 1, —CA; =0then g € [—¢y,y, 0]

o if A, — CA; < 0 then H is maximised by setting
9 = —qmax-
The first singular control mode, for P, changes to —A# =

r. The second singular control mode, for ¢, does not change.
Equation (11) changes to

0 1 0
R0 = | Omx — Q| = Rill=|-1 0
Tpx — T 0 -1
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Figure 6: Operation of the store and conditioned space temperature for Example 4

The adjoint variable A = (4, 4,) can have a jump disconti-
nuity at time 7 if

Mz7) = M) + L()h[r]

1 0
=2tH) + (. 6.85)|-1 0
0 -1

H*[t7] = H* ] - {(o)h![r] = H*[«"]
where {(7) > 0 and {(z)h*[r] = 0. The jump discontinuities
in A can be written as

M= 41+ 8 -6

Ale™] = et - &,

and so
e Ay canjumpdownif Q =0
e Ajcanjump upif O = Q.
o Aycanjumpupif T =T,,,.
The efficiency of the heat pump becomes

aT,

T,t)—T, @D

n@ =

where, typically, T, is 5°C and a = 0.4.
The energy capacity of the store is smaller than when
heating because of the smaller operating temperature range.
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If the water temperature in the store will vary between 5 °C
and 15°C and the store contains 400kg of water then the
thermal energy storage capacity will be Q.. = 16.8 MJ.

The temperature constraint for the conditioned space
changes from T" > T,;, to T < T,.,.. which changes
the last term in the Lagrangian (4) to v3(T,x — T), with
complementary slackness conditions v3 > 0 and v;(T,
T)=0.

ax

7.2. Singular control modes
7.2.1. First singular control mode: partial power
The analysis in Section 5.3.1 of the first singular control

mode changes. If —A;# = r on any interior interval [z, 7]
with 7, < 7|, and the price r is constant on that interval then
differentiating —A,# = r with respect to ¢ gives

d ' ; A

— |-An| = —An=0 = A =—-—.

dt [ 1’1] nAy iy 1 0
From (8) we also have

. kg
)«1 = Eil - Vi +V2,
S
so on a singular interval these two expressions for A; must
coincide, and hence

k

n
/11 <€s+z>—\/1+\/2=0. (22)

N

Here v; and v, must satisfy the complementary slackness
conditions

VIQ = 0,

Hence

VZ(Qmax - Q) = 07 V]’ V2 Z 0

V>0 = 0=0, »>0 = 0=0,,.

The factor k,/C, + 71/n will be positive unless the CoP
n is decreasing at a rate # < —nk,/C,. Our examples show
that this is possible in practice.

Now consider cases where (22) is satisfied, if kg > 0:

e If0 < O < Q. then v; = v, = 0 and (22) reduces

to
K
A <—S+ﬂ> =0.
C 7

This can occur if Ay =0 = r = 0, i.e. when the
price is zero, or if k,/C, + #/n = 0, which requires #
to be reducing at the precise rate 7 = —nk,/C,, which
is unlikely.

e If O =0thenv, =0and v, >0, and (22) gives

.
v = A <€+Z>zo.
N

If the price » >= 0 then A; = —r/n < 0 so we must
have
ks 1
— +-<0. (23)
C, g

That is, you can maintain partial power with Q = 0
only if the CoP # is reducing rapidly.

o If O =0, thenv; =0and v, > 0, and (22) gives

k i
V2:—/11(ES+Z> ZO
N

For r > 0 we have —A; =r/n > 0, so we require

ks
—+=>0. 24
C, 7 @4

S

That is, the CoP # must not be decreasing too rapidly.

7.2.2. Second singular control mode: partial heat
transfer
The analysis in Section 5.3.2 also changes. If 4, = C4,
on any interior interval [z, 7] with 7, < 7 then we have
Ay = CA, and so, from (8) and (20),

kg
C <E§AI -V + V2> = kAl +V3

S

k ks V3
— (E_ )44y v+ 2 =0
<C Cs> 1TVT T

Once again, we assume that k,/C, < k/C in practice. The
following conditions are necessary for this singular mode to

apply:

o if vy = v, =v3 =0,because T < T, and g # 0
and g # Q. then we must have 4; = 0 and hence
/12 = O

e if A; > 0 then we require v, > 0,50 Q = O«

e if A; < 0 then we require v; > Oorv; > 0,500 =0
orT =T,
7.3. Example
Figure 7 shows a typical outdoor temperature profile for
a hot day in South Australia. With this temperature profile
the heat-pump CoP varies between 3.2 during the middle of
the day and 5.7 overnight.

0 3 6 9 12 15 18 21 24
Time (hour)

Figure 7: Summer external temperature profile

The indoor temperature requirement for this example is

_ ) 23°C 1 €[06:00,09:00) U [17:00,22:00)
max =Y 26°C  otherwise.

Figure 8 shows a control strategy satisfying the neces-
sary conditions. In this example, the store capacity Q ., =

max
16.8 MJ is not enough to maintain T = T}, during the
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interval t+ € [17,22], and so the conditioned space is pre-
cooled while the store is cooled during the cheap daytime
period. However, the store does have enough capacity to
maintain T = T, during the interval t € [6, 10].

The process for finding a strategy that meets the nec-
essary conditions is similar to the process for heating, but
in this case involves more phases. The key features of the
Strategy are:

e The store must be held at O = 0 during the middle
of the day. This gives the steep downward portion of
the CA; curve that determines when the pre-cooling
of the building finishes.

e The store must be at Q = Q. at time ¢ = 24 so that
—A; can jump down at t = 0.

o The store must also be at Q = Q,,, at time ¢ = 10 so
that —4; can jump down, which causes C4; to jump
up, which gives a ‘gap’ for the 4, curve to pass through
att = 10.

To help find the strategy, we formulated the strategy with
parameters including switching times and adjoint jumps, and
used an optimisation procedure to adjust these parameters to
minimise temperature errors and ensure adjoint continuity.

8. Conclusion

We have used Pontryagin’s principle to derive neces-
sary conditions for the optimal control of a heat-pump air-
conditioning system with thermal storage. These conditions
lead to three distinct control modes for the heat pump, and
three distinct control modes for the transfer of heat to or from
the conditioned space. The heat pump:

e operates at maximum power when the price of elec-
tricity is sufficiently low and the efficiency of the heat-
pump is sufficiently high

e operates at intermediate power only if the thermal
store is empty or full

e does not operate if the price of electricity is high or
the efficiency of the heat pump is low.

The transfer of heat between the store and the conditioned
space:

e occurs at the maximum possible rate when heating or
cooling the the conditioned space

e occurs at an intermediate rate only when maintaining
the target temperature in the conditioned space

e is zero when active heating or cooling is not required.

In cases where the store does not have sufficient capacity
maintain to maintain the target temperature during a period
when the price of electricity is high, the optimal strategy will
pre-heat or pre-cool the conditioned space while the price of
electricity is low.

When heating, the optimal strategy avoids storing more
heat than necessary and avoids storing heat for longer than
necessary, to minimise heat losses from the store. When
cooling, the optimal strategy avoids removing more heat
from the store than necessary and avoids cooling the store for
longer than necessary, to minimise heat flow into the store
from the environment.

In each of our examples, we found a control strategy by
piecing together control phases for the heat pump and for the
heat transfer to or from the conditioned space to:

o satisfy the dynamics and continuity conditions for the
temperature in the conditioned space and the heat in
the store

o satisfy the dynamics and continuity conditions for the
two adjoint variables determining the control.

In each example the solution we found appeared to be
unique. However, we have not proved this.

Our analysis shows the structure of an optimal control,
which can be used to develop simple, practical controllers for
heat-pump air-conditioning systems with thermal storage.
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