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Abstract

Inequalities are an essential tool in geometry and analysis. This paper surveys the role of the Brunn-
Minkowski inequality in unifying geometric results, such as the isoperimetric inequality, and its functional
generalisations, such as the inequalities of Prékopa-Leindler and Brascamp-Lieb. A particular emphasis is
placed on the application of optimal transport to efficient proofs of these geometric and functional inequal-

ities.

1 Introduction

Inequalities are an essential tool in analysis and geometry. For example, they are central to a priori estimates
which can prove the existence, uniqueness, and regularity of solutions to partial differential equations. Inequali-
ties also capture fundamental relationships between geometric quantities such as surface area and volume. Thus,
understanding the established inequalities and their connections is crucial for studying analysis and geometry
within a modern unified framework.

Gardner extensively surveyed the role of the Brunn-Minkowski inequality in unifying geometry and
analysis. While the Brunn-Minkowski inequality is concerned with the volume of sums of sets, it acts as a
bridge between geometric properties of convex bodies implied by it and the broad analytic results obtained by
generalising it to functions. A key technique used in the proof of the Brunn-Minkowski inequalities and its
relatives is mass transport, which involves finding a map which transforms one distribution into another with
equal total mass. Mass transport maps which minimise some cost functional are known as optimal transport
maps, and have emerged as an efficient tool for proving inequalities in geometry and analysis.

The aim of this paper is to survey the Brunn-Minkowski inequality and its relatives in geometry and analysis,
with a particular emphasis on their proofs by optimal transport methods. Figure [1|illustrates the scope of this

paper and the relationships between the inequalities that will be discussed.

2 Statement of Authorship

The inequalities and proofs discussed in this paper are established results in the fields of geometry and analysis
and have been cited accordingly. However, the exposition of optimal transport as a connecting methodology

and the reframing of these results within a consistent framework and notation is my own work.

3 Basic Definitions and Notation

The sum X +Y of two sets X and Y refers to the Minkowski sum, defined by X +Y :={z+y:z € X,y e Y}
The scalar multiple ¢X of a scalar ¢ € R and set X is defined by ¢X = {czx : x € X}.
A convez body is a compact, convex subset of R with non-empty interior. The closed unit ball centred at

the origin is an example of a convex body and is denoted B. The volume of a convex body or a compact domain

O &=, NAMS




2 SUMMERRESEARCH
2 SCHOLARSHIPS 2025-26

|Borell—Brascamp—Lieb | | Barthe || Brascamp-Lieb |
Y
|Prék0pa—Leindler | Holder

Y
| General Brunn-Minkowski @) |

I

Brunn-Minkowski Brunn-Minkowski
for Convex Bodies for C'!' Domains
Isoperimetric for Isoperimetric for
Convex Bodies @ C' Domains @

Figure 1: Relationships between the inequalities surveyed in this paper.

with C'! boundary, denoted by V, is given by the n-dimensional Lebesgue measure and the surface area is given

by the Minkowski definition.
S(K) = lim V(K +eB) - V(K)

e—0t €

(1)
Two sets are homothetic if they differ only by translation and/or dilation.

A function f: R™ — Ris convez if, for all z,y e R and 0 < A < 1, f(1 =Nz +Ay) < (1 =N f(z) + A f(y).

The function f is concave if —f is convex.

4 p-Means and p-Concave Functions

For finite sets, there are several types of means, including the arithmetic mean (AM) and the geometric mean
1
(GM), which are related by the well known AM-GM inequality ([]}", a;)™ < 23" | a;, where ay,...,a, are

positive real numbers. These means are special cases of p-means, which both generalise the notion of the mean

and allow for weighted analogues. The following definition follows the convention used in Hardy et al. (1934).

Definition 4.1 (p-mean). Let a, A € R” such that a; > 0and 0 < \; < 1forall 1 <i<n and Z?:l No=1.1If
p # 0, the p-mean of the numbers a with weights A is defined by

. (2 Aiaf> @)

except when both p < 0 and [[/_, a; = 0, in which case My,(a,A) = 0. If p = 0, the p-mean is defined
by Mo(a,\) = [[/_, a}*. If p = 400, the p-mean is defined by M., (a,A) = maxi<i<, a; and M_,(a,\) =

i=1"

Sl=

min; <;<y, a; respectively.

The notation M, (a1, a2; ) := Mp((a1,a2), (1 — A, A)) will be used in the n = 2 case.
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Note that the AM and GM are the special cases of the p-means with equal weights and p = 1 and p = 0
respectively. The definition of the p-means when p = 0 and p = 400 is consistent with the limiting behaviour of
the definition when p # 0, as detailed in the Appendix (Section . The p-means satisfy Jensen’s inequality,
a generalisation of the AM-GM inequality to the p-means (Hardy et al. , which is proven in the Appendix

(Section [13.1)).
Theorem 4.1 (Jensen’s inequality for means). Let a, A € R™ satisfy the conditions in Definition If p<agq,

Mpy(a, X) < My(a, A) 3)

The p-means allow the definition of a concave function to be generalised by interpolating using weighted
p-means rather than using linear interpolation. A function f : R™ — R is p-concave if, for all z,y € R™ and
0< A<, f((1=XNax+Ay) > M,(f(z), f(y);A). If p> 0, fis p-concave if and only if f? is concave, and
if p =0, f is p-concave if and only if log f is concave (also known as log-concave). Moreover, by Jensen’s

inequality (Theorem [4.1)), if f is p-concave, then f is also g-concave for all ¢ < p.

5 The Brunn-Minkowski Inequality

The Brunn-Minkowski inequality relates the volume of sum sets to the volume of the individual sets. Its measure
theoretic formulation is known as the general Brunn-Minkowski inequality, and it acts as a critical link between
the complementary fields of geometry and analysis. In the words of Gardner , “the Brunn-Minkowski
inequality appears like an octopus, tentacles reaching far and wide, its shape and colour changing as it roams

from one area to the next”.

Theorem 5.1 (General Brunn-Minkowski inequality). Let 0 < A < 1 and let X and Y be non-empty, bounded,
measurable subsets of R™ such that (1 — A\)X + AY is measurable. Then,

V(I =NX+AY)7 > (1= )V (X)) + V() (4)

Equality holds if and only if there exist homothetic convex bodies X* and Y* which differ from X and Y

respectively by sets of measure zero.

Gardner (2002) presents two equivalent forms of the Brunn-Minkowski inequality. One such form is
VX +Y)7 2 V(X)) +V(Y)» (5)

which is the specific case of when \ = % can be recovered by replacing X and Y with (1 — X)X and \Y

respectively and applying the homogeneity of volume. Another equivalent inequality is
V(1 -XNX+2Y)>min{V(X),V(Y)} (6)

which follows from by Jensen’s inequality (Theorem [4.1). By assuming without loss of generality that
V(X)V(Y) >0, @ can be recovered by replacing X and Y with V(X)~# X and V(Y)Y respectively and
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Figure 2: Hadwiger-Ohmann cuts for two sets X and Y composed of finite unions of boxes in R?

substituting

This yields , which is equivalent to (4).
Hadwiger and Ohmann (1956) proved by considering the case where X and Y are finite unions of boxes
and inductively cutting the domains into simpler subdomains on which holds. The result was extended to

the general case via an approximation argument.

Proof of Theorem[5.1) using Hadwiger-Ohmann cuts. Consider the case where X,Y C R™ are boxes with side
lengths (z;);—, and (y;);_, respectively. Then, X +Y is a box with side lengths (z; + y;);—,. By the AM-GM

inequality,

1 1
V(X)r +V(Y)w Sow LT L R 1o~ v
(X) (1) _ H i + H Yi S_}: P4z Yi
VX+Y)» i Tt i i Tt Yi ne ity i Tty

Now, consider the case where X and Y are finite unions of boxes. Let N(X) (N(Y)) denote the minimal

number of boxes in a decomposition of X (Y'). The proof proceeds by induction on N(X)+ N (Y). The base case
where N(X)+ N(Y) = 2 has already been proven, and for N(X)+ N(Y) = m > 2, the induction hypothesis is
that holds when 2 < N(X) + N(Y) < m — 1. The key step in the inductive case is the Hadwiger-Ohmann
cut. By translating if necessary, X and Y can be partitioned by a hyperplane {x; = 0} for some 1 < k < n such
that ‘;(();i)) = ‘(,((Yyi)), where X, = X N{xp >0}, X_ = X N{z, <0}, and Y, and Y_ are defined analogously.
Moreover, it is always possible to choose a cut that ensures that either N(X;) < N(X) and N(X_) < N(X)

or the equivalent condition for Y, so it follows that N(X1) + N(Y1) < N(X) + N(Y). Figure [2]illustrates an
example of this process in the n = 2 case.

Note that X + Y, C {zx > 0} and X_ +Y_ C {z; < 0}, so they are almost disjoint subsets of X UY".
This implies that V(X +Y) > V(X; UY,) 4+ V(X_ UY_). By the induction hypothesis and the assumption

ViXy) _ V()

that it follows that

VX) T V@)

V(X) V(X)
—V(X) (1+%") —V(X)F V()
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To obtain the weaker conditions in Theorem extend to compact sets by approximating them from the
outside by finite unions of boxes (Lemma and then to measurable sets by approximating them from the
inside by compact sets (Lemma . The details of the argument are provided in the Appendix (Section
13.2]). O

The key idea behind the Hadwiger-Ohmann cut is that it partitions the sets such that, after volume nor-
malisation, the volume on each side of the cut is the same for both sets. Hence, each cut can be thought of
as a one-dimensional mass transport map between the two sets which enables the two sets to be more easily
compared after reducing them to the base case.

The Brunn-Minkowski inequality also holds if X and Y are both convex bodies or compact domains with
C' boundary (Gardner [2002). In these cases, (1 — A\)X + AY is automatically measurable because X and Y
are both compact (Lemma. Moreover, the Brunn-Minkowski inequality for convex bodies has a geometric
interpretation (Gardner 2002). Let K C R"*! be a convex body and let u € S™. Let ut = {z € R"*' : (z,u) =
0} denote the n-dimensional hyperplane that passes through the origin and is orthogonal to the vector u. The
geometric interpretation is that the function f(t) = V;,(K N (u’ + tu)), which gives the n-dimensional volume

of the parallel hyperplane sections of K, is %-concave.

6 The Isoperimetric Inequality

Isoperimetric inequalities are geometric inequalities that relate the surface area and volume of geometrical
figures. The simplest version is the classical isoperimetric inequality for closed curves on the plane, which
bounds the length of the curve L from below by the enclosed area A according to L? > 41 A. Geometrically,
this means that the circle encloses the maximum possible area for a given perimeter. There exist analogous

isoperimetric inequalities for convex bodies and compact domains with C* boundary in R™ (Gardner [2002).

Theorem 6.1 (Isoperimetric inequality). Let K C R™ be a convex body or a compact domain with C!

() s ()

Equality holds if and only if K and B are homothetic.

boundary. Then,

The isoperimetric inequality is a natural consequence of the Brunn-Minkowski inequality.

Proof of Theorem[6.1] using the Brunn-Minkowski inequality. Let K be a convex body or compact domain with
C! boundary. Fix € > 0 and apply the Brunn-Minkowski inequality and the homogeneity of volume.

V(K +eB) > (V(E)™ + V(eB)%)" = (Vi) + eV(B)%)" ®)

Note that the surface area and volume of a ball can be related by spherical shell integration.

:/1 S(rB)dr:S(B)/lrn—ldr: S(B) o)
0 0

n
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Compute the surface area of K using (I)) and apply (8), L'Hopital’s Rule, and (9).

S(K) = lim LEFB 2V n(V(K)% +eV(B)%)”_1V(B)%

e—0t € e—0t

1

=nV(K)" V(B)* = S(B)V(K)** V(B) =

The equality condition follows from the equality condition for the Brunn-Minkowski inequality. OJ

7 Optimal Transport and its Applications to Geometric Inequalities

The optimal transport problem is concerned with finding a cost-minimising plan to transport a source distribu-
tion to a target distribution. The source and target distributions are represented by Radon probability measures
pt and p~ respectively. The transport costs are modelled by a cost density ¢ : R" xR"™ — [0, 00), (z,y) + c(z,y)

representing the cost of moving a unit mass from x to y. The problem was first formulated by Monge.
Definition 7.1 (Monge Formulation). Let the class of transport maps be defined as the set

A= {T R R | [ )t ) = [ )i ) Ve c"(R“)}

The optimal transport map 7* : R” — R™ satisfies I[T*] = infrec 4 I[T], where I is the cost functional

1) = | cla,T(@)du’ (2)

Monge’s formulation was ill-posed because it has no solution if the source or target distributions are Dirac
point masses. Moreover, the nonlinear nature of the optimisation problem made it difficult to solve. Later,

Kantorovich addressed these limitations through his relaxed formulation of the problem.

Definition 7.2 (Kantorovich Formulation). Let the class of transport plans be defined as the set of measures
M = {Radon probability measures p on R" x R" | u(E x R") = p*(E), p(R" x E) = = (E) VE € B(R")}
The optimal transport plan p* satisfies J[p*] = inf,cp¢ J[p], where J is the relaxed cost functional

Tl = [ cla)dute.)

Kantorovich’s formulation was well-posed due to its measure theoretic nature. More importantly, Kan-
torovich introduced a dual variational principle which could be applied to solve the problem. The details of
these formulations and Kantorovich’s solution to the problem are discussed in Evans .

Suppose the cost density is a quadratic ¢(x,y) = %Hx —y||? and the measures admit non-negative probability
density functions (i.e. du* = f*dz). In this setting, the optimal transport map under the Monge formulation

(Definition is known as the Brenier map, which has the following property (Evans 2001; Barthe [1998]).

Theorem 7.1. Let f*,f~ : R"™ — [0,00) be probability density functions. There exists a convex potential
¢ : R™ — R such that T = D¢ is the optimal transport map under the Monge formulation. That is, for each
h € C°(R™),

/ (@) () dr = / h@)f (@) do
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The convex potential ¢ can be considered a generalised solution (in the Alexandrov sense) to the Monge-
Ampere equation.
f~(D¢)det(D?¢) = f*
Cafarelli’s regularity theory for these solutions provides sufficient conditions for the convex potential to be a

classical solution to the Monge-Ampeére equation (Evans|2001)).

Theorem 7.2. Let QT C R™ be bounded, connected, open sets and let f*, f~ : QF — (0,00) be probability

density functions such that f* and f% are bounded.

1. (Interior Regularity) If Q~ is convex and there exists some 0 < 8 < 1 such that f* € C?(QF) and
[~ e CP(Q), then ¢ € CHX(QF) for all 0 < a < S.

loc

2. (Boundary Regularity) If both QT and Q= are uniformly convex and 9Q" and 9~ are C*°, then ¢ €

C%(QF) for some 0 < a < 1.

The Brenier map can be used to directly prove the Brunn-Minkowski inequality (Theorem [5.1)) for convex

bodies (Alesker et al. [1999)).

Proof of Theorem[5.1] for convex bodies using the Brenier map. Let K, L C R" be convex bodies. Assume that
V(K)V(L) > 0, otherwise the inequality holds trivially. Let ¢ : R™ — R be the convex potential such that
T:K — L, x— Dg¢(x) is the Brenier map transporting mass between the densities fT = ﬁ and f~ = ﬁ
defined on K and L respectively. By Theorem L ¢ €
det D%¢(x) = V(IL{) for all x € K.

Compute the volume of K + L, note that (id+7)(K) C K + L, and use the substitution z = (id +7)(z)

C%.(K), so it solves the Monge-Ampere equation

— _ _ 2
V(K+ L) = /K+L dz > /(1d+T)(K) dz = /Kdet(I+ DT(x))dx = /Kdet(I + D*¢(x)) dx (10)

By the Monge-Ampeére equation, the Hessian matrix D2¢(x) is positive semidefinite for all x € K. Then, by
the ——concav1ty of the determinant operator (Lemma |13.3) and the Monge-Ampere equation,

det(I + D*g(x)) = (1 + (det D2¢(x))%)” = <1 + <%> ) (11)

Therefore, it follows that

3=

V(K + L) > / det(I + D?*¢(x)) da > (1 + <M> ) / do = (V(K)% + V(L)%)"

K V(K) K

The equality conditions can be recovered by a close examination of the proof. The inequality in achieves

equality when D?¢ is a positive multiple of the identity, which occurs if and only if T = D¢ is a homothetic

transformation. The inequality in arises from the subset relationship (id +7)(K) C K + L, which achieves

equality when T is a homothetic transformation. To see this, let T(x) = cx + b, where ¢ > 0 and b € R", and
z € K 4+ L. Then, there exists z,y € K such that

z=x+Ty)=z+cy+b=0+c)(1—-Nz+Iy)+b=>0d+T)((1 — Nz + \y)

O &=, NAMS
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when A = f , (1 =Nz + Ay € K, so it follows that K + L C (id+T)(K). O

In this proof, the Brenier map plays a similar role to Hadwiger-Ohmann cuts in relating the volumes of the
two convex bodies by transporting mass from one to the other. Additionally, the minimality of the Brenier map
enables the Monge-Ampere equation to be applied, which gives rise to the inequality through the %—concavity
of the determinant operator, a property which holds locally.

The Brenier map also offers a direct proof of the isoperimetric inequality (Theorem for convex bodies

with C! boundary (Guillen and McCann 2010)).

Proof of Theoremfor convex bodies with C' boundary using the Brenier map. Let K be a convex body and
1

let 7 := (%) ", so that V(K) = V(rB). Let ¢ : R” — R be the convex potential such that T: X — Y, 2 ~

D¢(z) is the Brenier map transporting mass between the densities f =1 and f~ = 1 defined on K and rB

respectively. By Theorem [7.2) ¢ € C?(K), so it solves the Monge-Ampere equation det D?¢(x) = 1 for all

reK=K.

Compute the volume of K and apply the Monge-Ampere equation and Lemma

/da:—/ (det D*(x) Tde < = /trDngS /A¢

Apply the divergence theorem, with v denoting the outer unit normal vector, and the Cauchy-Schwarz inequality.

[ asta)da= | Doe)via)) dote) < [ Do) doz)
K oK oK
Since T(OK) C T(K) = rB, for all z € 0K, |D¢(z)| = ||T(z)|| < r. Thus, it follows that

V(K) < %/M do(z) = % <%> ; S(K)

which is equivalent to the isoperimetric inequality, as shown in the proof of Theorem using the Brunn-
Minkowski inequality.
The equality conditions can be recovered by a similar method to in the proof of Theorem [5.1] using the

Brenier map. OJ

In this proof, the geometries of the convex body and ball are able to be compared due to the application of
the Brenier map to transport mass between them. Additionally, the surface area is recovered by the application

of the divergence theorem to yield a surface integral.

8 The Prékopa-Leindler Inequality and the Borell-Brascamp-Lieb
Inequality

Suppose f, g, and h are three non-negative, integrable functions and suppose that h dominates the functions f
and g in the sense that h((1 — Nz + Ay) > (1 — A) f(z) + Ag(y). By the linearity of the integral, the L'-norm

of h is at least the arithmetic mean of the L'-norms of f and g. The Prékopa-Leindler inequality generalises

O &=, NAMS
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this idea to the case where h((1 — Nz + A\y) > f(x)'"*g(y)*, which, by the AM-GM inequality, is a weaker
assumption on the function h. In essence, it allows a pointwise estimate of h to be elevated to a global estimate

Theorem 8.1 (Prékopa-Leindler inequality). Let 0 < A < 1 and let f,g,h : R®™ — [0,00) be integrable
functions. Suppose h((1 — Az + Ay) > f(z)!"*g(y)* for all 2,y € R™. Then,

[ h@ydo> < [ 1) dx>H < / g(a) dgc)A (12)

The Prékopa-Leindler inequality implies the general Brunn-Minkowski inequality when considering the vol-
umes as integrals of indicator functions. Thus, the Prékopa-Leindler inequality is considered a functional

generalisation of the general Brunn-Minkowski inequality.

Proof of Theorem[5.1] using the Prékopa-Leindler inequality. Let X and Y satisfy the hypotheses of Theorem
and let f=1x,9=1y and h = Li_yx4ay. If f(z)'"*g(y)* =1, then z € X and y € Y, so it follows
that A((1 — M)z + Ay) = 1. This means that the hypotheses of Theorem hold, so, by the Prékopa-Leindler
inequality and Jensen’s inequality (Theorem ,

1-A A
V((1=XNX+)Y) :/ h(z) dz > ( f(x) da:) (/ g(x) dm) =V(X)'"AV )N > min{V(X), V(Y)}
n R'ﬂ n
which is @, an equivalent form of the general Brunn-Minkowski inequality. OJ

Another form of the Prékopa-Leindler inequality can be obtained by choosing h as the smallest function

that satisfies the inequality h((1 — Nz + A\y) > f(x)*"*g(y)*. This leads to the inequality

| swlr@ g s (- Ne == ([ s ([ o dx)A (13)

where the upper Lebesgue integral is required since the supremum over the (n — 1)-dimensional subspace need
not be measurable. In this form, the Prékopa-Leindler inequality can be interpreted as a reverse form of Holder’s

inequality, which is equivalent to

[ serger s ([ swa) ([ oea) (14

The Prékopa-Leindler inequality is a special case of the Borell-Brascamp-Lieb inequality, which generalises the

hypothesis by allowing f and g to be interpolated by a p-mean for —% <p < oo.

Theorem 8.2 (Borell-Brascamp-Lieb inequality). Let 0 < A < 1, —% <p<oo,and f,g,h: R" = [0,00) be

integrable functions. Suppose h((1 — Nz + Ay) > M,(f(z),9(y); A) for all z,y € R™. Then, with v = #,

/n h(z)dx > M,y< - f(x) dx,/ng(:c) dz; )\) (15)

Like the Prékopa-Leindler inequality, the Borell-Brascamp-Lieb inequality has an equivalent form.

/ sup{M,(f(z1),9(z2); A) : (1 = A)z1 + Azp = x}dx > M,y< f(x) dx,/ g(z) dz; A) (16)
R™ R

n
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The Borell-Brascamp-Lieb inequality can be proved in the n = 1 case by applying a one-dimensional mass
transport map and integrating a p-mean inequality. The n > 2 case can be proven by induction on the
dimension. The Prékopa-Leindler inequality can be proved similarly, using the AM-GM inequality. These
methods of proof are detailed in Gardner (2002).

McCann developed an alternative proof of the Borell-Brascamp-Lieb inequality in the case where
—% < p < oo using optimal transport. A key tool is the displacement interpolant, which provides an interpola-

tion between two probability measures which can be linked by a Brenier map.

Definition 8.1 (Displacement interpolant). Let u* and = be probability measures on R™. Assume that there
exists a convex potential ¢ : R™ — R such that T : R® — R", z — Dg¢(z) is the Brenier map transporting
mass between u and p~. For 0 < ¢ < 1, the displacement interpolant p; between u+ and u~ is defined as the

probability measure on R™ that satisfies

@ dp(e) = | &0 =Dy + Do) du™ (y) (17)
for every ¢ € C°(R™). In other words, p; is the pushforward of 4T by the function x — (1 — t)x + tDé(x).

To aid the proof of Theorem define the restricted function space C*(R™) of functions by
CHR™) = {f € L'(R") : 3g € C*'(R"), g > 0, r > 0, z € R" such that f = 1p ()9}

These functions are the restriction of a positive Lipschitz function to an open Euclidean ball. Additionally, for

any non-negative function f, define the notation Qy = f~*((0,00)).

Remark 8.3. Barthe introduced the subspace CL'(R") and remarked that the Brenier map between
any two functions in C*(R™) will have sufficient regularity to satisfy the Monge-Ampere equation. To see
this, consider f*,f~ € CY(R"). By the definition of CL(R™), Q;+ and Q- are open Euclidean balls and
therefore convex. Moreover, since there exists some positive Lipschitz function g™ such that f* = ]lgf N
and gt is bounded on the compact set m because it is continuous, f* is bounded on £ #+. Similarly, f% is
bounded on Q2+ and f~ and fL— are bounded on Q;-. Let ¢ : R®™ — R be the convex potential such that
T :Qp+ — Qp—, & — D¢(x) is the Brenier map transporting mass between the densities f* and f~ on Qs+

and Q- respectively. By Theorem ¢ € CE.(Q #+), so it solves the Monge-Ampere equation for all z € Q4.

The displacement interpolant p; admits a probability density function in the case where u* and p~ admit

probability density functions; the details of the proof are provided in the Appendix (Section [13.4)).

Lemma 8.4. Let f*, f~ € C*(R") be probability density functions such that du®™ = f* dx. Define the function
¢t R" = R" x> (1 —t)x + tD¢p(x). Then, the displacement interpolant p; between p™ and g~ admits a
probability density function py(z; fT, f~) which satisfies

pr(x; [T, f7) = fT(s; ' (x)) det(Dsy (s (2))) 7! (18)

for almost every z, with respect to the Lebesgue measure.
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We first prove Theorem for the restricted space of functions C*(R™). The key idea in the proof is that
the displacement interpolant p; is dominated by the integrand of the left hand side of , denoted by

hp(x; f, 9, A) = sup{M,(f(21),9(22); A) : (1 = N)z1 + Az2 =z} (19)
Lemma 8.5. Let f,g € CX(R"™). Then, for p > —%, holds.

Proof. Assume without loss of generality that ||f|l1 # 0 and ||g|i # 0. Define the normalised functions

f= ||ff||1 and § = IIgﬂll' Let Sy : L*(R™) — L'(R") be the volume-preserving scaling operator defined
by (Skf)(z) :== k™" f (%). Define the constants C' := ((1— X)||f||7 —i—)\||g||w)7 (the right hand side of )

Define fT := Sc fand f~ = Scyg. Note that f T and f~ are probability density functions because they are
the volume-preserving scaling of the functions f and g respectively which are both integrable and normalised.
Let ¢ : R™ — R be the convex potential such that T : Q¢+ — Qs , 2 +— D¢(z) is the Brenier map transporting
mass between the densities f* and f~ defined on Qs+ and Q- respectively. By Remark ¢ solves the
Monge-Ampere equation.

Let z € Q¢+ and let x := s)(z), where sy is as defined in the statement of Lemma By , which
holds for almost every z € €24+ with respect to the Lebesgue measure, and the %—concavity of the determinant

operator (Lemma [T1)),

—n

pA@ F7LF7) = f(2) (det(1 = N+ AD%0(=)) ™" < (=) (1= A) + Aldet D*6())* )

By the Monge-Ampere equation,

+ % " i 1\ "
prai £ F7) < 1 (2) ((1 N+ () ) = (0= NFHEF +Af (Do) )
By Jensen’s inequality (Theorem and ,

pA(@s f5f7) S M_a(f7(2), f7(Dd(2)); A) < Mp(f7(2), f 7 (D(2)); A) < by f7, 7, N) (20)

for almost every = € s (Qf+).

By computing the integral of h, and applying Lemma [T3.5]

R

hy(: f,g. A) da > / hy(@: f,g, ) dz = C o (5807 F. 5075570 de

SA(QJH—) SA(Qf'*'

By applying and by noting that py is the pushforward of the probability measure with density f+ supported
on Qg+,

[t fogn e = 0 (53 50y £.Sc30) e = C [ do=Ci= Mv( fw)da, [ gto) dm)
n Q + R™

n

S (Qf+

O
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Lemma can be extended to the more general hypotheses of Theorem when —% < p < oo by a series
of approximation arguments. Note that the p-mean is monotonic in each input. By the monotone convergence
theorem, generalises to the case where f and g are positive Lipschitz functions on R™, since such functions
can be written as a pointwise limit of an increasing sequence of functions in CL'(R™). Moreover, the monotone
convergence theorem implies that holds when f and g are simple functions of the form Z?zl a;jlg;, where
a; € R" and K; C R" is compact, because such simple functions can be written as a pointwise limit of a
decreasing sequence of positive Lipschitz functions. Theorem [8.2] follows by approximating the non-negative
functions f,g € L*(R™) as the pointwise limit of an increasing sequence of simple functions and applying the
monotone convergence theorem. Note that McCann’s proof does not generalise to the case where p = —%
because, in this limit, v — —o0, so the scaling operation would no longer be well defined.

McCann’s proof of the Borell-Brascamp-Lieb inequality shares many similarities with the proof of the Brunn-
Minkowski inequality using the Brenier map. Both proofs apply the displacement interpolant to transport mass,

but the proof of the Brunn-Minkowski inequality considers the equal weight interpolant p 1 Moreover, the

inequality in both proofs arises from the %—concavity of the determinant operator.

9 The Brascamp-Lieb Inequality and Barthe’s Inequality

The Brascamp-Lieb inequality and Barthe’s inequality are far reaching analytic generalisations of the functional

and geometric inequalities discussed so far (Gardner [2002). Their statement is as follows.

Theorem 9.1 (Brascamp-Lieb inequality and Barthe’s inequality). Let m,n be integers. For i = 1,...,m, let
¢; > 0 and n; € N such that ZZ’;I cing = n, let fi € L*(R™) be non-negative, and let B; : R™ — R™ be a linear
surjection. Assume that (;.,,, ker B; = {0}. Then, the Brascamp-Lieb inequality states that

Anﬁfi(Bix)cid %1:[ (

da:) (21)

R™i
and Barthe’s (reverse Brascamp-Lieb) inequality states that
/ sup {r[fl(acl)C Tx = ZciB;‘xi, T; € ]R”l} dx > Dz H ( fi(2) d:c) (22)
R i=1 i=1 i=1 R

where

D _ lnf det (Zr:ni:]' CiBi Asz)
[, (det A;)<

Note that the condition on (1, <i<m ker B; simply ensures that Z:L ¢;B} A;B; is an isomorphism. If it is
not satisfied, D = 0, so both inequalities hold trivially (Barthe |1998).

: A; € R™*™ is symmetric and positive deﬁnite} (23)

The Prékopa-Leindler inequality, in the form given in , is a corollary of Barthe’s inequality.

Proof of Theorem[8.1] using Barthe’s inequality. Let m =2, ny = ny =n, and B; = By =id. Given 0 < A < 1,
let c; =1 —Xand cg = \. Let f1, fo € L'(R") be non-negative. By Barthe’s inequality,

/Rn sup { f1(21) M fa(z2) 1 (1 = N)z1 + Azg = 2} dz > D3 < . fi(z) dx)H < . fa(z) dgc)A
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It remains to show that D = 1. Since det : R™*" — R is a Z-concave operator (Lemma , by Jensen’s

inequality (Theorem , it is also log-concave. Thus, for all A1, A2 € R™*™ and 0 < A < 1,
det (1 — A\)A; + MAy) > (det A1) ~*(det Ap)*
This inequality is sharp since it achieves equality when A; = As. Thus, it follows that D = 1. O

By an analogous proof, Hélder’s inequality, in the form given in , is a corollary of the Brascamp-Lieb
inequality, consistent with its interpretation as a reverse form of the Prékopa-Leindler inequality.

Theorem [9.1] will be proven using the Brenier map, a method due to Barthe (1998). Using the notation in
Theorem define the following:

I((f)my) /Rsup{Hfl ;) szcifoi,mE]R”i}dx J((f)my) /Hlexcl

i=1
E:= 1nf{ T @) ) fie L'(R™), f; > 0} =inf {I((f;)72)) : fi € L'R™), | fillh =1, f; = 0}

Frmsupd = JWED o p e pirny 1> 0% = sup (I < fi € LAR™), [fill =1, £ > 0}
=1 (f]R”z f'b ) )

The proof is divided into several lemmas. First, consider the behaviour of I and J for centred Gaussians,
functions of the form G4(x) = exp(—(Ax,z)) where A is a symmetric and positive definite matrix. Define
E, (F,) analogously to E (F') but with the infimum (supremum) restricted to the space where each f; is a
centred Gaussian. These quantities can be directly computed; the details of the computations are provided in

the Appendix (Section [13.5)).

Lemma 9.2.

-— su J((GAz);ll)
Fg . P { H:il (fR"i GAi (.’L‘) dx)m

Lemma 9.3.

¢ A; € R™™ is symmetric and positive deﬁnite} =Dz (24)

I m 1
E, :=inf { — (Ga)it) = : A; € R™™™ is symmetric and positive deﬁnite} = D3 (25)
[TiZ, (fRni Ga, () dx)

The following inequality for functions in CZ(R") is proven using Brenier maps. This differs from the previous

proofs where only one Brenier map was required.

Lemma 9.4. For 1 <i <m, let f;,h; € CX(R™) be functions that satisfy [;., fi(x)dz = [5., hi(z)dz. Then,

I((fi)i21) = DI((hi)iZs) (26)

Proof. Assume that D > 0, otherwise, the claim is trivial. By the homogeneity of I and J, it can be assumed
that [o., fi(z)de = [pa, hi(x)de = 1. For 1 < i < m, let ¢; : R™ — R be the convex potential such that

T; : Qp, = Qy,, ¢ = D¢;(x) is the Brenier map transporting mass between the densities h; and f; on Qp, and

Q,

k3

respectively. By Remark for all x € Qy,,, ¢; solves the Monge-Ampere equation
fi(D¢i(z)) det D*¢;(z) = hi(z) (27)
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Note that, for all z € Q,,, D?¢;(x) is symmetric and positive semidefinite since ¢; is convex. Moreover,
since f; and h; do not vanish on their respective domains, det D?¢;(z) = % # 0 by . Thus, D?¢;(z)
is symmetric and positive definite.

Define S := N/*, B; '(Q4,). Note that S is convex. To see this, let z,y € B; *(Qy,,). Since B is linear and
Qp, is convex, B;((1 — Nz + Ay) = (1 — A\)B;x + AB;y € ,. By taking the preimage of B;, it follows that
B 1(Q4,) is convex. Thus, S is convex since it is the intersection of convex sets.

Define © : S — R" as O(y) := Y ", ¢;B} (T;(B;y)). Forally € S, the Jacobian DO(y) = >, ¢; B DT;(B;y)B;
is symmetric since DT;(z) = D?¢;(z) is symmetric for all z € Qj,. Moreover, since DT;(z) = D?¢;(z) is positive

definite,

det DO(y) = det (Z ¢;B; DT;(B;y)B; ) >D H det DT;(B;y))“ > 0 (28)

so DO(y) is positive definite.

We claim that © is injective. To see this, let z,y € S, x # y and suppose that O(z) = O(y). Define
z:]0,1] = R™ by z(t) = (1 — t)z + ty and note that z(]0,1]) € S since S is convex. Define ¢ : [0,1] — R by
Y(t) :=(O(2(t)) — O(x),y — x). By the product rule,

P(t) = (DO(2(1)'(t),y — x) = (DO(z(1)(y — =),y — x) >0 (29)

since DO is positive definite on S. Since ©(x) = O(y), ¥(0) = ¢¥(1) = 0, so by Rolle’s theorem, there exists
7 € (0,1) for which 9'(7) = 0. This contradicts (29)), so = = y.
By computing J((h;)!,), noting that the support of the integrand is S, and applying (27) and (28),

J((h /Hh‘* By dy—/H F:(Ty(Biy)) det DT;(Biy))* dy

5. (H fim(Biy))%) det DO(y) dy

1 [ , “ .

B/SSUP {}:[1 filz:) : O(y) = ZCiBi xz} det DO(y) dy

i=1

IN

By substituting @ = ©O(y), which is justified since © is a bijection onto its image,

J((hz)l ) =7 o(s) Sup{H fz xz ‘= ZCZB:mz} dx
i=1
1 < I((fi)m
< E/R" sup {11:11 fil@:) rx = ;QB:%} dx = —((flgz—l)

O

Lemma [9.4] can be extended to a more general setting compatible with the hypotheses of Theorem By
applying a similar approximation argument to the one used in the proof of Theorem holds when f;
and h; are simple functions. Let f;,h; € L*(R™) be non-negative functions such that ||f|l; = ||h[/1. There

exists increasing sequences of simple functions qﬁz(»j ) and wl(j ) which converge to f; and h; respectively and satisfy
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Jgns ¢1(»j)(x) dz = [4n, w;j)(x) dz for all j € N. By Lemma

I((f)y) = T((@)my) = DI(()) = DJI((hi)iy)

as n — oco. The limit is justified by the dominated convergence theorem, which may be applied because the
integrand of J ((1/1(" ) 1) converges pointwise to and is dominated by the integrand of J((h;)™,).

Theorem is a corollary of (26]) for non-negative functions f;, h; € L*(R™). By taking the infimum over
{fi € LY(R™) : || fillL = 1, f; > 0} and the supremum over {h; € L*(R"™) : ||h;||; = 1,h; > 0} in , it follows
that £ > DF. Thus, by and (25)),

N|=
N

D* =E,>E>DF > DF,=D

This implies that F = D3 and F = D_%, which completes the proof of Theorem

This proof has two fundamental differences from the previous proofs of geometric and functional inequalities
using the Brenier map. Firstly, this proof enables the Brascamp-Lieb inequality and its reverse form, the Barthe
inequality, to be proved simultaneously, unlike the previous proofs which only prove one inequality. Secondly,
the proof proceeds by computing the optimal constants E' and F' rather than by a direct computation leading

to the inequalities in Theorem [9.1]

10 Discussion and Conclusion

Mass transport, and more specifically optimal transport, is the unifying feature of the proofs of the geometric
and functional inequalities discussed. In the proof of the Brunn-Minkowski inequality by Hadwiger and Ohmann
, the cuts provide a method of transporting mass from one set to the other and localises the inequality to
boxes within the sets. This conceptual idea motivates the application of the Brenier map, which localises the
Brunn-Minkowski and isoperimetric inequalities to local determinant estimates in a more refined way (Alesker
et al. Guillen and McCann [2010). The proof of the Prékopa-Leindler inequality due to McCann
utilises the same localisation idea, albeit using the displacement interpolant between probability measures to
provide an additional degree of freedom in the inequality. Conversely, Barthe applies the Brenier map
differently in the simultaneous proof of the Brascamp-Lieb inequality and its reverse form, Barthe’s inequality;
his approach uses the Brenier map to transport mass between distributions which appear in each inequality,
relating the two inequalities and enabling them to be proven together.

In conclusion, this paper has shown that the intertwined geometric and functional inequalities in Figure
are fundamentally related by their method of proof: applying transport maps such as the Brenier map to
localise the inequality to a simpler one. As such, this paper extends on the survey by Gardner , which

primarily focused on how these inequalities are linked by their content.
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13 Appendix

13.1 p-Means: Limiting Cases and Proof of Jensen’s Inequality

The definition of the p-means (Deﬁnition when p = 0 and p = Fo0 is consistent with the limiting behaviour
of the definition when p # 0, where it is given by (Hardy et al. [1934)).
Consider the case where p = co. Without loss of generality, assume that 0 < a; < --- < a,. Then, for all

1<i<n, 7 <1,s0

1 1
Ma, < (Z Amf) =ay (Z Ai (Z—’>p> <a, (Z A,») =a,
i=1 i=1 n i=1

By taking the limit p — oo and applying the squeeze theorem, it follows that lim, .., My(a,A) = a, =

=

maxi<;<p @;, which is the definition of My (a, A). The proof in the case where p = —oo is similar.

Consider the case where p = 0. Compute the logarithm of the p-mean.

log (Mpy(a,A)) = —log (Z/\ e”logm)

=1
Compute the limit as p — 0 using L’Hopital’s Rule.
108 (S0 e

d
apP

n o\ ePlogai] . "
= lim Liz A 8% _ > Ailoga;

lim log (M,(a, X)) = lim P S W

p—0 p—0

Thus, lim, .o M,(a,A) = exp(> ., Ailoga;) =[]}, a;, which is the definition of My(a, X).
Jensen’s inequality for means (Theorem can be proved by cases (Hardy et al. [1934).

Proof of Theorem[{.1] Consider the case where 0 < p < ¢. Let 8 = 4 and a be such that * =+ % = 1. Let

1\n "
u= ()\F‘) and v = (Af a? ) . By the discrete Holder inequality,
1

1 .
= i=1

My(a, ) = ((w.v)* < (Julla ||v||ﬁi=<zx> (Zm’;ﬁ) =<ina3> = My(a,2)

Consider the case where 0 = p < g. Assume that the weighted AM-GM inequality My(a, A) < M;j(a, A) holds.
This is reasonable because, when n = 2, the weighted AM-GM inequality is equivalent to the concavity of the
logarithm function, and when n > 2, the weighted AM-GM inequality can be proven by induction on n. Thus,
by the weighted AM-GM inequality,

M,(a,X) = My(a, A) (ﬁ )

i=1

Qe
Q=

< (i )\JL?) = Mq(a, A)

Consider the case where p < ¢ < 0. Note the algebraic identity M_,(a,\) = (M,(a*,A))", where a* =

n
(l> . Since Jensen’s inequality has already been proven for 0 < —g < —p, it follows that

a;

i=1
M@aAN=— <1 @
PR My (ar, X)) T M_g(ax,A) D
The remaining case where p < 0 < ¢ follows by combining the above cases. O
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13.2 Approximation Arguments in the Proof of the General Brunn-Minkowski

Inequality

When using the Lebesgue measure, any compact set can be approximated from the outside by finite unions
of boxes and any non-empty, bounded, measurable set can be approximated from the inside by compact sets.
These results form the basis of the approximation arguments used in the proof of the general Brunn-Minkowski

inequality (Theorem by Hadwiger-Ohmann cuts (Hadwiger and Ohmann [1956]).

Lemma 13.1. Let X and Y be compact subsets of R™. Let (X;); and (Y;)_; be monotonically decreasing
sequences of sets which can be decomposed into finite unions of boxes and satisfy X; \, X and Y; \, Y

resepectively. Then, X + Y is measurable, and lim; o V(X; +Y;) = V(X +7Y).

Proof. To show that X 4+ Y is measurable, consider the function f : R™ x R” — R"™ defined by f(z,y) :=x +y,
which is continuous. Then, X +Y = f(X xY), which is the continuous image of a compact set, so it is compact
and therefore measurable.

Since X; \, X and Y; \, Y, it follows that X = (N2, X; and Y = (2, V;. Note that for all i € N, X; and
Y; are compact since finite unions of boxes are closed and bounded. Observe that X +Y = (2, (X; + V).
To see this, let z € X +Y, 2 = z+y for some x € X and y € Y. Then, x € X; and y € Y; for all
i>1,s0z=z+y € e (Xi+Y;). Now, let z € N;2,(X; +Y;). Then, for each ¢ > 1, there exists
some x; € X; and y; € Y; such that z = z; + y;. Since (X;)"; and (Y;)"_; are monotonically decreasing,
(z:)724 C X1 and (y;)i2; C Y1, so, by compactness, there exists convergent subsequences ()32 and (yi; )72,
Let x := lim; o z;; and y := limj o ;; and fix n € N. There exists some j such that x;, € X,, (y;, € Ya)
for all k > j, so z € X,, (y € Y,,) by compactness. Since n is arbitrary, it follows that x € X and y € Y, so by
taking limits, z = lim; o0 (v, +4i;) =z +y € X +Y.

The volume limit follows naturally.

i

lim V(X;+Y;) = lim V [ ((X;+Y;) | =V

11— 00 1— 00

(X;4+Y;) | =V(X+Y)

.

J=1 Jj=1

O

Lemma 13.2. Let X and Y be measurable subsets of R™ such that X + Y is measurable. Let (X;) , and
(Y;)™_; be monotonically increasing sequences of compact sets which satisfy X; /X and Y; /Y respectively.

Then, lim; . V(X; +Y;) = V(X +Y).

Proof. Since X; /' X and Y; /Y, it follows that X = J2, X; and Y = (J;2, ¥;. By the distributive property

of the Minkowski sum over unions,

X+Y= (QX) - (QY) U U (X; +Y)) U(Xz-+Yi)

1=17=1 =1

where the diagonal terms in the double union can be omitted because X; +Y; C Xpax(i,j} + Ymax{i,j}-

18

O &=, NAMS




2 SUMMERRESEARCH
2 SCHOLARSHIPS 2025-26

The volume limit follows naturally.

Jim V(X; +Y;) = lim V Ul(XjJrYj) =V UI(XJ-—FYJ-) =V(X+Y)
J= J=

13.3 Technical Lemmas for Determinants

Lemma 13.3. The determinant operator det : A — det(A) is %—concave on the space of symmetric and positive

semidefinite matrices. That is, if A, B € R™*"™ are symmetric and positive semidefinite,
det(A + B)w > det(A)7 + det(B)# (30)
Equality holds in when A = ¢B for some ¢ > 0

Proof. If det(A) = det(B) = 0, follows automatically since A 4+ B is symmetric and positive semidefinite.

Assume that det(B) > 0. We use the method presented in Figalli et al. . By the multiplicative
property of the determinant and the spectral theorem for real symmetric matrices, it can be assumed without
loss of generality that A is diagonal, and B = I. Let A1, ..., A, be the diagonal entries of A. Thus, it is sufficient
to show that

n

ﬁ(xi +1) =det(A+ B) > (det(A)% + det(B)%)" - <ﬁ &) "1
i=1

i=1

Expand []" ;(X\; +1) as

H(,\ +1) _1+Z > H,\Z]

m=1 (i1,...,im )€l j=1
where I = {(i1,...,im) : 1 i1 < -+ < iy < n}is the set of multi-indices, which contains (') elements. By
the AM-GM inequality,

_1
" n N\ o
n _(n ()
Z H A 2 (m) H H A B (m> H H A,
(il,...,im)eljzl (il,...,im)eI j=1 (il,...,im)tezl
For each 1 < k < n, there are (~!) elements in I which contain k. Thus,

TS - TDEE - (1)

(1,0 sim ) ET J=1 k=1

m
n

The above results imply

n

2B

iljl)\Jrl Zj:( ><£[1>\k> _ (ij[l)‘k>i+1

By the equality conditions of the AM-GM inequality, equality holds in when A\; = --- = A, := ¢, which
requires that A = ¢l = ¢B. O
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Lemma 13.4. Let A € R™*™ be symmetric and positive semidefinite. Then,

%tr(A) > det(A)%

Equality holds when A = ¢l for some ¢ > 0.

\/

Proof. Let the eigenvalues of A be Ay > --- > \,, > 0. Then, by the AM-GM inequality,

S

1
~tr(4) A < H A = det(A)
i=1 i=1
By the equality conditions of the AM-GM inequality, equality holds when \; = --- = \,, := ¢, which requires
that A = cl. 0

13.4 Technical Lemmas in the Proof of the Borell-Brascamp-Lieb Inequality

Proof of Lemma[8.4 Since Remarkimplies that D?¢ exists, the Jacobian of s; is Ds;(z) = (1—t)I+tD?¢(z)
for all z € Qs+. Moreover, for any y € R™ \ {0}, Ds,; satisfies

(Dsy(z)y,y) = (L= N)lylI> + A(D*¢(x)y,y) > (1= A)|lyl|> > 0

since D?¢(x) is positive semidefinite as it is the Hessian of a convex potential. This proves that Ds,(x) is positive

definite, so det Ds;(z) > 0. Therefore, by the inverse function theorem, s; is a local C'!-diffeomorphism.

Let z,y € R", x # y. Since ¢ is convex, ¢(z) = ¢(y) + (Do(y),x —y) and ¢(y) > ¢(x) + (Do(z),y — =),
which implies that

(z —y,Do(x) = Do(y)) = (& —y, Do(x)) — (x —y, Dp(y)) = (6(x) — ¢(y)) — (d(x) — ¢(y)) =0

Therefore,

(@ =y, se(x) = se(y)) = (1= Nllz = yl* + Mz — y, Do(x) — D(y)) = (1= N|z —y[* > 0

s0 s¢(x) # s¢(y), which implies by contraposition that s; is injective. It follows that s; is a C!-diffeomorphism
onto its image, so it has a differentiable inverse s; * : 5,(Q ) = Qe

By and applying the substitution z = s¢(y)
[ e / ) dy= [ €@ f(sy ) det D o) da (31)
t(Qf+) st(Qf-i-)

for every continuous function ¢. By the inverse function theorem, Ds; '(z) = (Ds;(s; *(z)))~'. Thus, the

probability measure p; admits a density function p;(x; f+, f~) which satisfies

pe(a f1,F7) = (57 (@) det(Dse(s; ' (2))) " da (32)

for almost every xz, with respect to the Lebesgue measure. OJ
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Lemma 13.5. Let f,g € LY(R") be such that ||f|l1 # 0 and ||g|l1 # 0. Define the normalised functions
f= W and g = g gglll' Let S : L'Y(R") — L'(R") be the volume-preserving scaling operator defined by
(Sef)(@) :==k~"f (£). Fix p > —1 and define the constants v := g and C = (L= N)[IfI7 + )\||g||¥)% (the

right hand side of (16])). Then,

hp(ﬂ?, ’ 5 g, )\) - Chp (.’]?, SC ’ 5 SC Yg, 02 )\) (33)
WheIe hp 1S defllled by ‘19’, C = alld Cjz — C
. ”1 gll1

Proof. By definition,
1=A A _ (L= NI+ Algll}
c! Cy cv

Let 21,20 € R If p € (—3,00] \ {0, 00}, it follows from the definitions of the p-mean and v and that

=1 (34)

B =

My(F(21), 9(22): ) = (1 = N)fG)? + Ag(22)?)? = (Cmin;_i)ﬂf(zl)u ﬁg())

= (=) (e sen) +ea (e )
= M, (O F (1), €3 g(2): €57 (35)

S

also holds if p = 0 or p = oo by considering the limiting behaviour of the p-mean in each case.
By computing h,(z; f, g, A) using

hy(z; f, 9, A) = sup{Mp(f(21), 9(22); A) : (1 = A)z1 + Azp =z}
= sup {Mp (Cll_'mf(zl) Ol g(2); c;u) S(1 = N)zg + Az = x}
= Csup {M,, (c;’*”f(zl), O3 §(2): C;u) C(1 =Nz + Aoy = x}
By applying the substitutions z; = C; "y and 25 = C; "y, and using (34),
By £.9.0) = Csup { My (77" F(Cy "), O G(C5 92): G 7N ) £ Oy (1= X + Gy " =

= Csup { My ((Scy F)n), (Sc3@)(we)i C3 A) + (1= C3 Ay + C3 Ay =}

= Ch, (x; Sey . 5c39, Cf)‘)

O

13.5 Technical Lemmas in the Proof of the Brascamp-Lieb Inequality and Barthe’s
Inequality

We first derive a formula for the integral of a centred Gaussian. Let A € R™*™ be a symmetric and positive

definite matrix. By a change of coordinates if necessary, it can be assumed that A is diagonal with respect to
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the standard basis of R™. Let the diagonal entries of A be A1,..., A, > 0. Then,

RnGA()da;—/Rnexp( (A, z)) dx—/ / exp< ZAI)dml d,

=1
[eS)

g2
e N d;

s
Il
-

I

s
—
2

Il
=

This formula will be used to compute F,; and E,.

Proof of Lemma[9.3. Compute the numerator inside the supremum by applying .

((GA i= 1 / HGA Bxc‘dx—/ He—czABxBa:)dx
R 714

" i=1
:/ exp <— <ZciBfABix,x>> dx

i=1

7Tn
B \/ det (37", ¢;Bf AB;) (37)

Compute the denominator inside the supremum by applying and using the assumption Z:il cing =M.

m Ci m i > n
Ga,(x) dx) = <—> =\ l=— 38
};[1 < R™i Zl;[l det 4; [[i= (det A;)< 38
follows by combining and and applying the definitions of F, and D. O

Proof of Lemma[9.3 Let x = Y " ¢;Bfx;, where z; € R™. The matrices A; for 1 < i < m have invertible,

1
self-adjoint square roots A? because they are symmetric and positive definite. Thus,

m 2
g
=1

The sum over the inner products on R™ can be interpreted as an inner product on R™ x --- x R™m,

2 2

Z (cizi, Biy)

i=1

i <\/C_1‘Ai_%xi, \/C_ZAZ% Biy>

i=1

2

(@) = (i) L (vmatma) )

3 (VGA; 2, JGA} Biy)

=1

By the Cauchy-Schwarz inequality on R™ x - .. x R™m,

[z, y)|?

IN

[(veara) [ H(f atea) |
(Z@‘A T, JaA >> (ch—iAéBiy,\/aA%Biy})

i=1 1=1
= (ic’ A T, X ) <iCiB§kAiBiyzy>
i=1 i=1
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Define K ((A;)™,) :=inf {31, ¢; (A7 @i, @) 12 =10 ¢;Bfa; } and note that it satisfies
(2, y)|* < K((A:)i%y) <Z CiB;'kAiBiyay> < (Z Ci <A¢_1$i,$i>> <Z CiBfAz'Biy»y> (40)
=1 =1 =1

Sety = (>t ciB;‘AiBi)_l z and x; = A;B;y. Then, \/c_iAi_%asi = \/c_iAi%Biy for all 1 < i < m, so the equality
condition of the Cauchy-Schwarz inequality on R™ x ... x R™™ is satisfied. Thus, achieves equality, so
(z,y) solves the quadratic equation (z,y)> — K((A;)™,) (x,y) = 0. This equation has two solutions: (z,y) =0
and {z,) = K(A)E). By () o) = || (vaais)
only if z = y = 0 by the positive definiteness of the norm. However, if © = 0, K((4;)™,) = 0 = (x,y), so for
all x € R”,

,anorm on R™ x --- x R"™ g0 (x,y) =0 if and

K((Ai)ily) = (z,y) = <<Z CiBfAiBz) I,$> (41)

Now, compute I((G 4-1)i%;).

=1 =1
m
:/ sup {Hexp —c; <A;1xl,ml T = chB T, T ]R”l} d
R™ i=1 =1
—F m

By the definition of K((A;)",) and by applying and (36)),

I((GAi—l)?;1> = Zexp - < (Z ¢;Bj A;B; ) x,az> dx = \lﬂ'” det (i ciB;‘AiBZ) (42)

i=1

where the upper Lebesgue integral is computed as the Lebesgue integral since the integrand is integrable. By

taking the infimum in over A; ! instead of A;, which is possible since A; is invertible, it follows that

I((GAi—l)?;ﬁ

E, = inf =+ A; € R™™™ is symmetric and positive definite
z 1 (fR" A7 dx)
follows by combining and (42)) and applying the definitions of E,; and D. O
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