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Abstract

This research explores the Graph Colour Problem (GCP) via Semidefinite Programming and projection methods.
The GCP is a foundational problem in graph theory of simple description: for a given graph, determine an
assignment of ‘colours’ to its vertices so no adjacent vertices are assigned the same colour, and determine
the minimum amount of colours that can be used to do this. Being an NP-complete problem, we formulate
several semidefinite approximations, as well as exact approaches using integer semidefinite solvers and projective
methods in a non-convex setting, where we use the semidefinite approximation of a solution, then project this

solution onto the non-convex space of exact solutions.
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1 Introduction

1.1 Graph Colouring

Graph colouring (which is used synonymously with proper vertex colouring henceforth) was first introduced in

the mid 1800’s by Frances Guthrie, and it has since been a source of great theoretical and applied interest in
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Figure 1: An optimal colouring of the Petersen graph

mathematics, computer science, and an extensive variety of other technical fields (Lewis . A graph consists
of a set of vertices, and a set of pairwise edges connecting them, and the graph colouring problem (GCP) is to
find an assignment of ‘colours’ to the vertices such that no two vertices connected by an edge are assigned the
same colour. This minimal number of colours for which such a colouring exists for a given graph G is called the
chromatic number of the graph, denoted by x(G).

The GCP has minimal intrinsic structure, and therefore it is ubiquitous, being an apt formulation for any
problem where a minimal partitioning of a collection of objects is to be made while satisfying some pairwise
incompatibilities between them. Such tasks applied in practice include scheduling (transport, class timetables,
sports fixtures), task allocation (people to tasks, concurrent computing via multithreading) (Ahmed Zais
and Laguna , and resource allocation (frequency allocation of radio towers and WiFi networks, allocation
of computational resources in a cloud setup) (Suman . The GCP also arises in many theoretical contexts
from quantum contextuality (Cabello, Severini, and Winter (which is of central importance to quantum
computing (Howard et al. )7 Sudoku and logic puzzles, and broader mathematics including lie algebras
(Bar-Natan|[1996). Additionally, the famous four colour theorem; that all planar graphs can be coloured with
four or less colours, saw over 160 years as a conjecture and the genesis of powerful computer assisted proof
techniques before it was proven in 1976 (Brun . The graph colouring problem is NP-complete, meaning
that any NP problem is reducible to a graph colouring problem in polynomial time (Karp , and as such
the computation used in all existing approaches becomes restrictively large for graphs beyond a relatively small
size; n = 100. Because of this, in practice if some internal structure/property of the graph to be coloured is
known then this can often be exploited to find optimal colourings more efficiently - even in polynomial time
(Grtschel, Lovasz, and Schrijver , otherwise heuristic methods are employed to find colourings that are not
necessarily optimal; possibly using a number of colour classes k > x. The most common approach to solving
the GCP exactly is to formulate it as a mixed integer linear program (MILP), which declares a set of binary

decision variables x;; and y, such that z;; = 1 iff the vertex labelled 7 is assigned the colour labelled with
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k, and yr = 1 iff the colour labelled k is assigned to any vertex. However, labelling the colours in this way
introduces unwanted symmetries, specifically, that colourings that only differ by the labels of each colour are
considered truly distinct, which dramatically increases the size of the solutions space, and hence the time to
converge on a solution. More recently, due to the advent of efficient methods of solving semidefinite programs,
new methods have been devised to solve or approximate the GCP and other similar discrete and combinatoric

problems as semidefinite programs, and this has been a fruitful approach that we have followed.

1.2 Semidefinite Programming

A matrix P is said to be positive semidefinite if 7 Pz > 0 for all z € R™, or equivalently if all of the eigenvalues
of P are real and greater than or equal to 0. Figure [L.2]illustrates that the set of positive semidefinite matrices
is a convex cone, meaning it is closed under linear combinations with positive coefficients. A number of efficient,
polynomial time approaches have been developed to solve semidefinite programming problems: minimisation of
a linear function over the positive semidefinite cone subject to linear constraints, thanks to its specific conical

structure.

Figure 2: The convex cone of 2 X 2 symmetric positive semidefinite matrices represented by

Using semidefinite programming to attain approximations of NP-hard combinatorial problems in polynomial
time has gained popularity; specifically for graph colouring the Lovész (Lovasz number ¥(G) of a graph
G can be found using semidefinite programming and provides a lower bound for the chromatic number that
is often tight. In fact, the Lovész ”sandwich theorem” proves that 9(G) (where G is the complement graph
of G, swapping edges and non-edges between vertices) lies between the clique number w(G); the size of the
largest subgraph of G in which every vertex is adjacent to every other vertex, and the chromatic number x(G):
w(@) < I(G) < x(G) , both of which are NP-complete to compute. In fact, it is NP-hard to
decide whether x(G) —w(G) > 0, even when x(G) is known Dukanovic and Rendl and consequently unless
P=NP, there is no polynomial time upper bound on w(G) provably better than 9J(G). ¥(G) can be formulated
to be seen as a relaxation of the constraints of an exact optimisation problem to find x(G), essentially just
removing the constraint that all nonzero entries of the semidefinite matrix it seeks to find are equal, and it is

in this way that our formulations of the GCP are derived, with exact solvers being thought of as recovering an
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exact solution from the approximation.

2 Formulation

There are multiple variations of the GCP; here we study the minimisation variant, which is to say the objective
of our methods will be to take an arbitrary simple graph as an input and return a colouring of that graph using

the least number of colours possible.

Definition 1. For a simple undirected graph G = (V, E), an equivalence relation (that is, a binary relation with
the properties of reflexivity, symmetry, and transitivity) on the set of vertices (V,~) is called a proper vertex
colouring or colouring of G if V{i,j} € E;i » j. We call the equivalence classes of colourings colour classes,
where we denote the colour class which a vertex i belongs to with [i], and if there are exactly k distinct colour

classes in a colouring then we call it a k-colouring of G.

Definition 2. For a simple undirected graph G = (V, E), we call the minimum k such that there exists a

k-colouring of G the chromatic number of G, denoted by x(G).

2.1 Binary Colouring Matrix

Definition 3. For a simple undirected graph G = (V. = {1,...,n}, E) with n vertices and a proper vertex
colouring of it, we call the n X n matriz with binary entries that encodes the colouring the binary colouring

matrix, denoted by P. That is;

1 ifi~j
VZ,] € V7 -Pij =
0 otherwise.

A binary colouring matriz encoding a k-colouring of G is called a binary k-colouring matrix.

For a more clear intuition, we can observe that a binary colouring matrix is simply a permuted block matrix,
with each block representing a colour class. For a particular k-colouring of a graph, its vertices may be relabelled
such that they are partitioned according to colour classes. We arbitrarily enumerate the k colour classes, and
ng denotes the number of vertices belonging to the ¢' colour class, then we can label the vertices belonging to
the first colour class with the set of integers {1,...,n1}, the vertices belonging to the second colour class with
{n1+1,...,n1 +na} etc. A permutation matrix @, corresponding to such a permutation o of the set of vertex
labels can transform the binary colouring matrix as P’ = Q,PQY, such that both the columns and rows of P’
are permuted to have the new vertex ordering. Let J,, be the n x n matrix whose elements are all 1. P’ is then
a block matrix, consisting of J,,, blocks along its main diagonal, and therefore its rank is equal to the number

of blocks, or equivalently the number of colour classes.
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This makes it clear to see that the i*" column sum (and the row sum due to symmetry) is equal to |[i]|; the
cardinality of the colour class to which the vertex labelled ¢ belongs, and this is true for any binary colouring
matrix. This transformation is useful later in deriving an objective function to minimise the number of colours

used, as well as finding another formulation of the problem.

Lemma 1. A binary colouring matriz P encoding a k-colouring is symmetric positive semidefinite, and has

rank k.

Proof. Let G = (V, E), where |V| = n, and let P be an n x n binary colouring matrix encoding a k-colouring
of G. It is trivial that P;; = Pj; as ¢ ~ j if and only if j ~ 4 by the symmetric property of the equivalence
relation. It is sufficient to show there exists a matrix X of rank k such that P = X X7 to prove that P is
positive semidefinite and has rank k. We can arbitrarily enumerate the colour classes with the integers from 1
to k, and construct the n x £ matrix denoted X, where X, is 1 if the vertex labelled ¢ belongs to the colour

class labelled ¢, and is 0 otherwise. We evaluate the entries of X X7 as
(xX7T), Z XigXjq

For each i € V, X;q = 1 for exactly one ¢ € {1, ..., k}, so the sum over ¢ is 1 if and only if there is a value of ¢
such that X;; = X, = 1, which is to say ¢ and j both belong to the colour class labelled ¢, and 0 otherwise.
Therefore, (X XT);; is 1 if i ~ j and 0 otherwise, hence P = XX Finally, X’s column vectors are all linearly
independent, as each colour class is occupied, so each column has non-zero entries, and since each vertex belongs
to exactly one colour class, an entry of 1 for a given row and column implies that the rest of the entries in that

row are 0, thus X and P have a rank equal to k. O

The adjacency matrix A of a graph G is defined such that A;; = 1 if ¢ and j are adjacent and 0 otherwise,
and this allows for a very simple way to ensure that a colouring matrix does not encode a colouring in which
i~ j if 7 is adjacent to j.

Lemma 2. A binary colouring matriz P encoding a colouring of a graph G = (V, E) with associated adjacency

matriz A satisfies the Frobenius inner product equality (P, A) =0

Proof. As both A and P are real matrices, the inner product (P, A) is equal to
A) =" PijA
]

Recall the adjacency matrix of a graph G = (V, E) is defined entry-wise such that A;; is equal to 1 iff {,j} € E,
and 0 otherwise. By the definition of proper vertex colourings, V{i, j} € E;i » j, thus A;; = 1 implies P;; = 0.
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Thus the sum of all the terms where A;; = 1 is 0, and since the rest of the terms have A;; = 0, the total sum

must be 0. O

Given that binary colouring matrices are both positive semidefinite and have binary entries, we consider an
alternative characterisation of such matrices defined by linear inequalities, given by Proposition 2 of Letchford

and Sgrensen [2012

Lemma 3 (Letchford and Sgrensen [2012)). A symmetric binary matriz M € {0,1}"*", with n > 3, is positive

semidefinite only if it satisfies the following inequalities:

M;; <M; (1<i<j<n)

My + M < My, + My

Proof. A symmetric binary matrix is positive semidefinite if and only if it is the sum of one or more symmetric
rank one binary matrices (Proposition 1 Letchford and Sgrensen , so it is sufficient to prove that these
inequalities hold for symmetric rank one binary matrices. Symmetric rank one binary matrices are those matrices
that can be written as vv® for some v € {0,1}"). (vvT);; = v;v; < v;v; so the first inequality is satisfied by
these rank 1 matrices. We can rewrite the second inequality as v;v, 4+ vjvr < vpvk + vv5: if v = 1 then we get

v; +v; < 14 v;v; which is satisfied by all v;,v; € {0,1}, and if v = 0 then 0 < v;v;, which is clearly true. [

We now provide a full characterisation of binary colouring matrices as a positive semidefinite matrix with

binary entries satisfying certain linear constraints.

Theorem 1. A matriz P is a binary colouring matriz of a graph G = (V, E) with adjacency matriz A if and

only if all of the following constraints are met:
(2) Vi,j S V;Pij S {0,1}
(i) (P,A) =0

(iii) tr(P) = |V
(iv) Pe St

Proof. From the definition of binary colouring matrices P is a binary colouring matrix only if and only if
P;; = 1 for all i, which implies in conjunction with as the trace of P reaches its maximum value of n
if and only if all of the diagonal entries take their maximum values of 1. We have already shown that P is a
binary colouring matrix only if and are satisfied in Lemmas [2{ and [1| respectively, so all that is left is to
prove is the reverse direction.

Conditions@and imply that P is a logical matrix representing a binary relation ~ on the set of integers
from 1 to n (the set of vertices V of the graph G). As|[(i)]and together imply Pj; = 1 for all ¢, then i ~ i
for all 7, so ~ is reflexive, and since implies P;; = Pj; for all 4,7 then ¢ ~ j iff j ~ 4, so ~ is symmetric.

To prove that the binary relation ~ is transitive and hence an equivalence relation we must show that ¢ ~ k
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Figure 3: Optimally coloured Pentagon graph/5 cycle graph

and j ~ k implies ¢ ~ j. Referring to Lemma and replacing M with P, implies that Py, + Py, <14+ P
(given that P;; = 1 for all 4, which we already proven is implied by the constraints). Thus, Pz = 1 and Py, =1
implies P;; = 1, or equivalently ¢ ~ k and j ~ k implies ¢ ~ j, therefore ~ is an equivalence relation. Condition

can be restated with the following sum:

(P,A) =) "PjA; =0
i=1 j=1

from which it is clear that A;; = 1 implies P;; = 0, so by the definition of the adjacency matrix {i,j} € E

implies ¢ » j, and thus the equivalence relation is a colouring of G. O

While this representation of a a graph colouring is similar to that used in the formulation of the Lovasz
number 9, we propose a novel convex function that whose minimised over the set defined by the constraints of
Theorem [1] is the chromatic number x of the graph.

2.1.1 Convex rank approximation

Lemma 4. The rank of a binary colouring matriz P is equal to the following expression:

rank(P Z ZJ 1P” (1)

Proof. For a given graph G = (V, E) and a colouring of its vertices represented by the binary colouring matrix
P, there exists a permutation matrix (),, where o denotes a permutation of the vertex labels, such that

= Q,PQYT is a block matrix consisting of Jy, matrices along its main diagonal (where n, is the cardinality of
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the ¢'" colour class for a chosen enumeration of the colour classes). Note, that since this transformation is only
a permutation of the vertex labels, the column and row sums of the relabelled vertices are equal to the column
and row sums of the original labelling. The rank is equal to the number of blocks in P’, so to count each block
as 1 we sum over the multiplicative inverses of the row sums. For each vertex belonging to the colour class
labelled ¢, the inverse of its row sum is nlq, and since there are ng of these identical rows in P’ (all contained
in the one .J,,, block) we count this value n, times for all n, vertices in the colour class. Each colour class then

contributes a total value of 1 to the sum, and thus the total sum is equal to the number of colour classes, which

is equal to the rank. O

Definition 4. Let D,, be the set {M € [0,1]"*"|tr(M) = n}. We define ¢ to be the function whose domain
and codomain are D,, and R respectively such that for all M € D,,:

Z S Mm (2)

Lemma 5. ¢ is convex over its domain.

Proof. If f and g are both convex functions, then both f+ g and f og are also convex. Thus it is sufficient that
each term of the sum over ¢ is convex. The reciprocal function is convex over the strictly positive real numbers,
and since the domain of ¢ enforces that all elements are non-negative and that at least one of the elements of
each column is equal to 1, then the reciprocal function is indeed convex. Each term of the sum over i is the
composition of a strictly positive summation, which is convex, and the reciprocal function in the domain in

which it is convex, thus ¢ is convex. O

We can now present the following optimisation problem, whose minimum value with respect to the constraints

is the chromatic number y of the graph with adjacency matrix A:

" 1
i P)= -7 5
oy ¢(P) ;ijlp

s.t. Vi, j; P € {0,1}

Vi, j; Pij = Pj; (3)
(A,P)=0

tr(P)=n

P>0

The permuted binary colouring matrix P’ = QL PQ, as constructed earlier has its column vectors being
eigenvectors of the matrix itself. The block matrices along the diagonal make this easier to see, and since the
th column/row sum is equal to |[i]| for the vertices as originally labelled, then it is clear that P(Pe;) = |[i]| Pe;,
as the block matrix to which the column vector is associated with counts once for each vertex in the colour class

for each entry.
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2.2 Normalised Colouring Matrix

Definition 5. For a binary colouring matrix P of a graph G, let D be the diagonal matriz whose ith diagonal
element is the ith column sum of P (or equivalently, the ith diagonal element of D is equal to |[i]|; the cardinality
of the colour class to which the vertex labelled i belongs). Then, the matriz PD ™! is called a normalised colouring

matrix of G that encodes the same colouring as P, denoted by P.

Remark 1. Given that we have constructed a normalised colouring matriz P by multiplying a binary colouring
matriz P by a necessarily full rank matriz D™, the rank of P is equal to the rank of P. We may then call a

normalised colouring matriz of rank k a normalised k-colouring matrix.
Lemma 6. Let P be a symmetric normalised colouring matriz. Then P is idempotent: P2 = P

Proof. P = PD™!, where Dj; =Y, Py P, P and D are symmetric, so P = PD~! = PT = (PD~H)T =
D~'P. By considering the permutation of the indices such that P is a block diagonal matrix composed of
blocks of J matrices, it is clear that the columns (and rows due to symmetry) of P are its own eigenvectors as
: P(Pej) = A\jPe; where \; is the j'' column sum, which is equal to Dj;, and thus P? = PD. So we can now

evaluate P2 as the following:
pQ _ (PDfl)(PDfl) _ D71P2D71 — D*lpDDfl _ D71P _ PD71 — p
O

Theorem 2. A matriz P is a normalised colouring matriz of the graph with adjacency matriz A if and only if
all of the following constraints are met:

(i) Vi,j € V; Py >0

(ii) (A, P)=0

(iii) PT = P

(iU) Vj S V;ZiEV Pij =1

(v) P2 =P
Proof. We prove the ‘only if’ part by constructing a normalised colouring matrix from a binary colouring matrix
as per Definition [5] and showing it satisfies these constraints. Let P be a binary colouring matrix encoding a
colouring of the graph with adjacency matrix A, let D be the diagonal matrix with D;; = ZZ=1 Py, and let
P be the normalised colouring matrix constructed from P as P=pPD L P;; € {0,1} for all 7,4, and clearly
scaling P with a diagonal matrix with positive diagonal entries cannot make any of the entries negative, so
is satisfied. Indeed, PL‘]' > 0 if and only if P;; > 0, and since (A4, P) = 0, then also (A,P) = 0, so constraint

Permuting the indices of P to be in diagonal block matrix form, we scale each column vector of P by the

inverse of the sum of its elements, which is equal for each column of the block, so the block is scaled uniformly,
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and thus the symmetry of P implies P satisfies constraint The columns of P are scaled by the inverse of
the column sum, and so clearly the column sum of P is 1, and thus P satisfies constraint and Lemma ?7
shows that P satisfies constraint

We now prove the ‘if’ part by constructing a binary colouring matrix from an arbitrary matrix satisfying

these constraints. Let M be a matrix that satisfies and From the constraint

n n
(M?)ii = MyMy; = > (Mip,)* = Mj;
k=1 k=1

Therefore (M;;)*> < M;;, so M;; > 0 implies M;; > 0 and M;; > 0. Now, we define a binary relation
({1,...,n},~) where i ~ j if there exists a path from i to j (i = 4g,41,42,...,49x = j) such that for all | < k
M

izisy, > 0. This binary relation is symmetric, as if there exists from ¢ to j then there exists a path from j
to i by reversing its order, and the relation is also reflexive: there is the path from ¢ to ¢ consisting of only
itself, as M;; > 0 for all ¢ (due to non-negativity, column sum unity, and diagonal dominance: M;; < M;;). The
relation is also transitive: if ¢ ~ j and j ~ k, then we can concatenate the path from j to k to the path from
i 0 j to create a path from 7 to k, so i ~ k. Thus ~ defines an equivalence relation, and we so we label the

equivalence classes Cy, Cs, ..., C,., and we can permute the indices of M such that the equivalence classes appear

consecutively. Thus, we can write M as a block diagonal matrix:

M 0
M=|0 M

where each MY block satisfies and and is irreducible (the graph of the matrix is strongly
connected). If 1 is the vector who entries are all 1, then from condition we find that 1 is an eigenvector of
M and of M% with an eigenvalue of 1:
n n
(M1); = ZMjklk = ZMjk =15 M1=1
k=1 k=1

It is known that the eigenvalues of any idempotent matrix (one such that M? = M) can only be equal to 0 or
1. The Perron—Frobenius theorem states that a nonnegative irreducible matrix has a unique eigenvector whose
entries are all positive such that its eigenvalue has a multiplicity of 1, and has an absolute value strictly greater
than the rest of the eigenvalues. Given that the eigenvalues of M are less than or equal to 1 due to it being
idempotent, ¥ must be that unique eigenvector, and given the multiplicity of its eigenvalue being 1, all of the

other eigenvalues must be equal to 0, therefore rank(M ") =1 and M = uc,ul, for some uc, € RI%!. Using

M1 =1, (uc,uf,)1 = ug,(ug,1) = 1 thus u must be proportional to 1. Normalising uc,, we get uc, = |Cl,i| 1,

and so we can rewrite M as:
11447
n_111 0
_ 1 44T
M= 0 n_211
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where n; is the size of the i*" diagonal block. Now we can construct a binary colouring matrix P by
multiplying M by a diagonal matrix that scales each diagonal entry to be equal to 1, and hence scales each
non-zero element of M to 1, and thus P;; € {0,1} for all 7, j; satisfying constraint of Theorem 1. Since every
diagonal element of P is equal to 1, then clearly ¢tr(P) = n satisfying constraint of Theorem 2, and since M
has binary eigenvalues, scaling its columns by positive factors preserves the non-negativity of the eigenvalues,
and thus P is positive semidefinite, satisfying constraint of Theorem 2. Finally, note that M;; > 0 if and
only if P;; > 0, and so since (A, M) = 0 by constraint which means A;; = 1 implies M;; = 0, then indeed
A;; =1 implies P;; = 0, and thus (A, P) = 0, satisfying constraint of Theorem 2.

Remark 2. A normalised colouring matriz of a graph G, being an idempotent matriz with all nonzero eigen-
values equal to 1, has its rank equal to its trace (the sum of its eigenvalues is equal to the number of nonzero
eigenvalues counting multiplicities, which is the rank), so to minimise the amount of colours used to colour G,
we may find the matriz in the set of matrices satisfying Theorem[d to be a normalised colouring matriz with

minimal trace rather than minimising the rank directly.

With this in mind, we can state the following semidefinite program in its optimisation form, that when the
function is minimised with respect to the constraints achieves the chromatic number of the graph with adjacency

matrix A:

min  tr(P)
P

st. Vi, j; Py >0

VJ,ZP”—I

A~

P?=p
and we can consider the relaxed variant where we replace the idempotent constraint (or equivalently that all of
the eigenvalues are in the set {0,1}) with P = 0, as the column sum constraint ensures that the absolute value
of the eigenvalues are less than or equal to 1, and so positive semidefiniteness ensures that the all the eigenvalues
belong to the open interval [0,1]. In fact, it has been proven that the set of matrices with eigenvalues in the
interval [0, 1] is the convex hull of the space of idempotent matrices, and furthermore, the set of idempotent
matrices is exactly the set of extreme points of this convex hull (Overton and Womersley . Thus, the
matrix which attains the minimum value of a convex function over the set of matrices with eigenvalues in the
interval [0, 1] that does not contain any local minima in the interior of the set will be a projection matrix. Thus,
the matrix with minimal trace in the set of matrices with eigenvalues in [0, 1] will be a projection matrix. The
additional constraints of normalised colouring matrices interfere with this, and thus the matrix which attains
the minimal trace with the linear relaxation of the eigenvalue condition may reside on the facets of the linear
constraints, and not be a projection matrix, however in general we observe that the minimal trace matrix

will tend toward having binary eigenvalues (what that means specifically will be explained later). This gives

11
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justification towards this particular relaxation of the constraints. Upon solving this relaxed variant, we might

consider how we might project this approximation onto the non-convex space of exact solutions.

2.2.1 Projections

A first guess for how we might project a matrix onto the set of matrices with eigenvalues in {0, 1} would be to
round the eigenvalues while keeping the respective eigenvectors the same: send eigenvalues less that 0.5 to 0
and those above 0.5 to 1, making some arbitrary choice for eigenvalues of exactly 0.5, and this turns out to be a
valid projection (or rather pseudoprojection due to non-convexity and thus non-uniqueness of the projections),
meaning the distance from the initial matrix to this matrix on the set of idempotent matrices is less than the

distance to any other idempotent matrix.

Lemma 7. Let M be real symmetric matriz with eigendecomposition M = QAQT for some orthogonal matriz Q
whose column vectors are M s eigenvectors, and some diagonal matriz A whose diagonal entries are the respective
eigenvalues, which all belong to the set [0,1]. Then, (M) = QBQT, where B is the diagonal matriz whose i*"
diagonal entry is 0 if Ay; < 0.5 and equal to 1 otherwise is a valid pseudoprojection: |M —n(M)|| < ||M — P||
for all idempotent P.

Proof. We use the Hoffmman-Wielandt inequality: for A, B € C"*™ that are normal and have eigenvalues
A (4), ..., \n(A) and A1 (B), ..., A\ (B) respectively, then denoting the permutation group of {1,...,n} with S,
the following inequality holds

min Y [\i(4) = Aoy (B)* < [|A - BJ?

oESy
i=1
which is to say the sum of the square of the difference of the optimally matched eigenvalues of A and B is less
than || A — B||°>. We let A = M, and we consider B € {P € R""|P2 = P}, so that \;(B) € {0,1} for all i. As
each term of the sum is clearly minimised when \;(B) is A;(A) rounded to thee nearest integer, then we have

the following chain of inequalities:
D IN(M) = Ni(m (M) < min Z IN(M) = Aoy (B)? < |M — B|* VB e {PecR"™|P? =P}

We now evaluate | M — w(M)|| via the eigendecompositions, using the fact that the matrix norm is invariant

upon multiplication by a unitary (or orthogonal) matrix

n n

M — = (M)|* = lQAQT — QBQTH2 = ||QA - B)QTH2 =[|A-B|* = Z(An‘ — By)* = Z(/\i(M) — Xi(m(M)))?

=1 i=1

M = w0 = 37 MM — A (D) < mmzu “Ao(B)P < M - B

ocesS,
S |M —x(M)| <M~ B| VB e{PeR"™"|P? =P}
O

With this done, we can use an iterative projective method like the Douglas-Rachford algoorithm to find

a solution that lies in the intersection of the set of matrices which satisfy conditions - and the set of
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idempotent matrices. While Douglas-Rachford has been used to surprising success in a number of nonconvex,

discrete cases to solve combinatorial problems including the GCP (Lindstrom and Sims|2020), it has no guarantee

of convergence in the nonconvex case, and in the case it does converge there is no guarantee of the optimality

of the solution, so it may only be used as a heuristic.

3 Numerical Analysis

We used Gurobi as a mixed integer linear program (MILP) solver to calculate the exact chromatic number of
the graphs we tested with the classical MILP GCP formulation, and as a benchmark for the performance of
our semidefinite approximations and heuristic solutions. We used the semidefinite proogram solver from Mosek
to solve the two semidefinite programs stated previously for the binary and normalised formulations with the
respective convex relaxations, and we used Pajarito to solve the exact binary colouring semidefinite program
with integral constraints. We used the Lovasztheta.jl package in Julia to solve find ¥(G), and all of the other
solvers were implemented in the Julia programming language. We applied the solvers to graphs with a varying

@ rounded down to the nearest

number of vertices, with constant edge density: the number of edges was
integer, so the edge density was 2/3, which is a critical density for the complexity of calculating the chromatic
number of a random graph. We found that the semidefinite approximations were solved exceptionally quickly,
especially in relation to the MILP solver, which grew to runtimes of over an hour for some graphs of only 50

vertices. The relaxed semidefinite approximations could be solved in under 10 seconds consistently for graphs

of less than 120 vertices, and was only marginally longer for large graphs. As shown in Figure [4] the Lovdsz

Semidefinite Approximations

Binary
Normalised
Lovasz

10

10 20 30 40 50
Vertices

Figure 4: The value of the chromatic number found by the semidefinite approximation schemes. Averaged over

5 random graphs of the specified number of vertices.

number (of the graphs complement) was a tighter lower bound to the actual chromatic number of the graph
than either of the formulations we presented, however it did take substantially longer to calculate ¥(G): for
instance, for random graphs of 50 vertices (with 2/3 edge density), it took an average of 11.3 seconds to calculate

Y(G), however the maximum time taken by the binary and normalised formulations were 7.4 and 7.9 seconds
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respectively. The integer semidefinite solver succeeded in finding optimal colourings, but took prohibitively

long for more than even just 15 vertices. For the Douglas-Rachford projection heuristic approach, it failed to

Projection Convergence
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Figure 5: The difference of the norm between iterations in the Douglas-Rachford projection scheme for a random

graph with 20 vertices and 160 edges

converge in most cases. Notably, it failed to converge for the Petersen graph and the pentagon graph (the
5 cycle graph). However, in the cases it did converge we identified that the graphs either had a high degree
symmetry making the colourings essentially trivial (e.g. cycle graphs with a even number of vertices, complete
graphs, tree graphs), or were sufficiently close to these highly symmetric graphs. A notable example is shown
in Figure[d] that the convergence to a solution for a graph with 20 vertices and 160 edges was not as immediate
as the more symmetric graphs, but was sufficiently close to the graph in which every vertex is adjacent to every
other vertex (Ksp, which has 190 edges) that the pseudoprojection was able to converge on the solution that
the relaxed solver was close to, which indeed was optimal using 10 colours, which the MILP solver confirmed
was the chromatic number. For every graph we tested in which the iterative projections converged, it converged

to a normalised colouring matrix encoding an optimal colouring, and always in less than 500 iterations.

4 Discussion and Conclusions

In this report we presented two novel formulations of the graph colouring problem in the form of semidefinite
programs, one of them being an equivalent semidefinite representation of colouring with an alternative convex
function to be minimised to the Lovasz number, and the other being a novel representation of colourings of a
graph. We believe the normalised colouring matrix provides an elegant characterisation of graph colourings,
being that we have replaced integral constraints that grow as n? with the idempotency constraint, which may be
thought of as n integral constraints on the eigenvalues, as well as it having the geometric interpretation as the
orthogonal projection matrix that projects the basis vectors representing the vertices from n dimensional space
to k dimensional space such that vertices of the some colour class are projected to the same point. Although

preliminary results show that the lower bounds established by these approximations are inferior to the Lovéasz
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number (which was expected, due to the seemingly fundamental role of the Lovész number as a " point of closest
approach” for polynomial time approximations of the clique number and chromatic number), we believe there
is unexplored potential in the normalised colouring matrix formulation. For example, given that the rank of a
normalised colouring matrix is not only equal to the trace but also equal to the square of the Frobenius norm,
these two quantities being equal if the matrix is a normalised colouring matrix, a splitting algorithm such as
ADMM may be used to both minimise the trace and difference between the trace and the square of the norm,

thus bringing the solution found by the convex solver closer to the set of exact solutions.
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