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Abstract

We consider a two-layer diffusion problem representing transdermal drug delivery as a one-dimensional
model. The model describes Fickian diffusion in each layer, coupled by continuity of flux and a partition
condition at the interface, together with appropriate boundary conditions. It is solved analytically using
two distinct methods, the Laplace transform approach and the Unified Transform Method (Fokas’ Method).
We compare the resulting solution representations and discuss practical considerations for computation,
including inversion and numerical evaluation. This highlights strengths and weaknesses of each method,

especially in the context of extending the model to more layers or modified boundary and interface conditions.

1 Introduction

Percutaneous, or transdermal, drug delivery refers to the transport of a drug from an external source across the
skin’s outer layers and into deeper tissue, whence it enters systemic circulation. Because the skin is a strong
barrier to mass transfer, diffusion through the outer layers is often rate-limiting, and the relevant time scales
can range from minutes to days, depending on the drug and formulation. This route of drug application is
attractive because it can enable controlled, sustained dosing while avoiding gastrointestinal degradation and
first-pass metabolism, and it can reduce the need for repeated injections. Transdermal delivery is also a clinically
established technology: there are many approved systems delivering drugs such as estradiol, fentanyl, lidocaine
and testosterone, as well as combination patches and device assisted systems used in analgesia. (Prausnitz
However, these advantages depend strongly on the underlying transport through the skin,
so modelling is useful for predicting uptake and guiding design choices. Even simplified diffusion models can

capture essential pharmacokinetic features, such as sustained release and the resulting plasma profiles under

controlled dosing conditions. (Guy & Hadgraft], [1985)

A common setup consists of a vehicle, such as a patch, containing a drug in contact with the skin. This can be
described mathematically by a multilayer diffusion problem, with one diffusion equation posed in each material

layer. In transdermal settings, this approach is widely used to connect measurable parameters to macroscopic

transport behaviour (Fernandes et all [2005). In each region, the concentration evolves by Fick’s law. The

layers are then coupled by interface conditions which enforce conservation of mass through a continuity of flux
condition, together with a partition relationship describing a concentration jump due to different solubilities
across the interface. These interfacial effects are very important in composite diffusion models and are also
studied more generally in the context of heat diffusion with imperfect contact between adjacent media
2017).

In practice, predicted transport can vary substantially with the diffusion coefficients, the partition coefficient,
and the relative thickness of each layer. This makes it useful to have solution methods that behave well across
parameter ranges, and that do not require a completely new derivation each time the model is modified. A
classical approach is the Laplace transform method. In multilayer settings it often produces explicit transformed

solutions, but the inversion step can become algebraically heavy and typically leads to series representations
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governed by transcendental eigenvalue conditions (Rodrigo & Worthy}, [2016]). For more complicated interface

or boundary conditions, the inversion can be difficult to carry out in closed form.

An alternative is the Unified Transform Method (UTM), or Fokas Method, which has been used for interface
problems and composite media 2017). The method builds global relations that couple boundary and
interface data, and then uses complex-analytic contour deformation arguments to obtain integral representations
of the solution. One advantage is that changes to boundary or interface conditions can often be absorbed at
the level of these global relations, rather than restarting ab initio. Motivated by the need for a fuller and more
rigorous comparison, we present implementations of both the Laplace inversion and UTM for a transdermal-style
two-layer problem.

In this project we model a two-layer vehicle to skin system governed by Fickian diffusion, with flux continuity

and a partition condition at the interface. The governing equations and interface structure are taken from a

standard formulation of the transdermal model (Fernandes et al., [2005). We derive analytic solutions firstly

using a Laplace transform approach, following [Fernandes et al. (2005), and secondly employing the Unified

Transform Method, using the composite/interface methodology of [Deconinck et al. (2014). We then compare

and contrast the two methods in terms of derivation complexity, numerical implementation, and how naturally
each approach accommodates model extensions.

The remainder of this report is organised as follows. Section 2] presents the mathematical model together with
the boundary and interface conditions. Section [3.I] derives the Laplace transform solution and discusses inver-
sion. Section [3.2] develops the Unified Transform Method solution, and Section [f] compares the two approaches

and outlines limitations and possible extensions.

Statement of Authorship

I declare that the work presented in this report is my own, except where due acknowledgement is given.
The mathematical modelling, analysis, numerical implementation, and comparison of analytic methods were

undertaken by the author under the supervision of Prof. Natalie Thamwattana and Dr. Dave Smith.

2 Mathematical Model

We model drug diffusion in a two-layer composite medium (see Figure [1)): a vehicle layer z € (—a,0) with
diffusivity Dy and a skin layer x € (0,b) with diffusivity Dy. Concentrations C; and Cy evolve by Fickian
diffusion, so they satisfy the diffusion equation. Initially the vehicle is uniformly loaded and the skin is drug-
free. We impose a no-flux condition at the impermeable vehicle boundary x = —a representing no drug loss to
the external environment, and a perfect sink at the deep skin boundary = = b, representing immediate uptake
when the drug comes into contact with the blood circulation. At the interface = 0 we enforce conservation
of mass via continuity of flux, and imperfect contact/solubility via a partition condition with coefficient &,

Accordingly, the governing equations together with the initial, boundary, and interface conditions are given by
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[0 — D184a] Ci (2, ) = 0, (@.1) € (—a,0) x (0, T) (1.PDE1)
(01 — DBy Cola, £) = 0, (@.1) € (0,b) x (0,T) (1.PDE2)
01(1:,0) = 0170, x € [—CL,O] (1101)
C(x,0) =0, z € 0,0] (1.IC2)
ac, B
Co(b,t) =0, te[0,T] (1.BC2)
801 602
D—— = Dy—=(0" T .
(& (O,t) = k‘mCQ(O,t). te [O,T] (1.BC4)
VEHICLE SKIN BLOOD CIRCULATION
Ch1 Cs
801 | Cl _
o =0 D C: - Ds C2=0
b a ;

x

Figure 1: Schematic diagram of two-layer drug diffusion

3 Analytic Methods

3.1 Laplace Transform Method

3.1.1 Laplace transform and transformed ODEs

We take the temporal Laplace transform of (1.PDE1)) and (1.PDEZ2) and apply (1.IC1}) and (1.IC2)) to obtain:

d*C s = Cio
W(J?,S) - D—lcl(x,s) = —D—l,
and
dQCQ S =
W<I’ S) - D—QCQ(I, S) =0.

These constant-coefficient second-order ODEs have the general solutions

Cr(o9) = ) cosh ([ 5- 4. ) + 2
Cales) = Ka(s)sinh [ 5- 0 0)).
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These particular hyperbolic forms are chosen so that the boundary conditions at * = —a and x = b are satisfied
identically, namely 9,C(—a,s) = 0 and Cy(b, s) = 0.

Imposing the boundary and interface conditions determines K (s) and Ka(s) as

K o/ cosh(\/D:2b)

s A(s) ’

Cio \/g:; cosh( Di2 b) Cosh(\/Dz1 a)

KQ(S) = 1-

sk sinh(\/DzQ b) A(s) ’
A(s) = knm sinh<\/DEZb> sinh<\/Dzla) + \/g:jcosh< Dil a) cosh<\/Dzzb) .

3.1.2 Transformed Solutions

Kl(s) =

where

Substituting the expressions for Kj(s) and K»(s) into the general solutions gives the Laplace-domain concen-

N < S ) ( S )
—= cosh( ,/—"b)cosh| ,/—=—(z+ a)
_ D D D
i (2,s) = Cio |, _ 1 \ D2 \ D1

P A(s) ; (2)

trations

and

Ol s) = S0 Sinh(\/i(i;)) - ECOS}I(\/DEAQ([)? COSh(\/DEla> : (3)
S¥m sinh Din ’

Using the definition of A(s), the bracketed term in (3)) satisfies

A(s) - \/g: h<\/D: ) h<\/D: ) = b smh<\/D32 ) smh<\/DEI o).

and therefore reduces to

3.1.3 Inversion

We invert the Laplace-domain solutions using the Bromwich integral and the residue theorem. For C, write

_ C Cio Fi(z,s D s
Cy(z,8) = ;,0 _ ;,0 1A((S) )’ Fi(z,s) := ”D_i cosh(b D—2> cosh((x+a), / D1)

Hence

S

=Ci0— Cloﬁ_l{Fl(x78)}

Crl,t) = £ {@} _ Clvoﬁl{Fl(m,s)}

sA(s)
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Hence

C 0 /W—HOO eStFl(xa S) dSa
vy

Ci(z,t) = Cro— 5=
—100 $ A(’S)
where v > 0 is chosen so that the contour lies to the right of all singularities. The integrand has simple poles

at s = 0 and at the simple zeros {s} of A(s). Closing the contour to the left and applying the residue theorem

gives

estFy(x, s
Ci(z,t) = Cr0—Cip Z ReS(ﬁa 5= 3k> .

Skt SspA(sK)=0
The residue at s = 0 cancels the explicit C o term, and the remaining contribution is a sum over the zeros

of A(s) since €% F;(0) = A(0) = g_i:

stF ,
Ci(z,t) =—Cip Z Res<%((i)s), s = sk> .

Sk A(Sk)=0

We take /s on the principal branch, with branch cut along (—oo,0], and we close the inversion contour so it
avoids the cut. Hence the only enclosed singularities are the isolated poles coming from the zeros of A(s). It is

convenient to parameterise these poles as
=X\, A >0,

so that \/s; = i\, on the principal branch, and the hyperbolic factors reduce via cosh(if) = cos 6 and sinh(if) =
isind. Substituting s = —\? into

_ . s . S Do S S
A(s) = kmSth(,/D—2b> Slnh<,/D—1a) + ”D_ICOSh< D—1a> cosh(1 /D—2b) ,

A(=N%) = —k, sin(\/bl%) sin(jl%) + \/g:? cos(j%) cos(\/bg—Q) .

Therefore A(—A%) = 0 is equivalent to

gives

tan(\/‘]”j/\k) tan(ﬁ)\k) = i g—i, (5)

and, at these poles,

D
Fi(z,-A}) = D—j cos(f}%) cos((IJr“))"“).

If A(sy) =0 and A'(sg) # 0, then ﬁ has a simple pole at s = s, and

o)\ _ gls)
Res( £ ) = ey

§

Taking g(s) = e Fy(x, s)/s yields

et Fy(z, s) es* By (z, s)
Res( SAGS) ’S’“>‘ D)

For numerical evaluation, we derive A’(—\?) in Appendix
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Therefore we may represent our Cy(x,t) solution as

/D2 cos(%) (2+a) Mk —/\it
ClOZ /\2 A )\i) cos( T )e . (6)
k>1

For C5 we start from the Laplace-domain representation

é2(x,5) = % FzA((xs,)s)7 Fy(z,s) := sinh((b — ) Dig) Sinh(a Dil)

As before, the inverse transform is evaluated by closing the contour and summing residues at the simple poles
s = s where A(sg) = 0. The point s = 0 does not contribute, since the singularity in Cy(x,s) is removable
(Appendix [A.2). Equivalently, Fy(z,s) = O(s) as s — 0, so Cy(z,s) is bounded at s = 0 and has no residue
there.

Parameterising the poles by si = —)\% with Ay > 0 and using /s = i\, (principal branch), we obtain

Fy(a, =X}) = smh( %) sinh(i\%il) = —sin(%) sm(\‘}%“l).

Therefore the residue calculation gives

sm( 2N ) Y

k>1

where {A;}r>1 are the positive solutions of .

3.2 Unified Transform Method
3.2.1 Problem reformulation and global relations

We introduce

p(x,t) == C1(—x,t), 0<z<a, q(z,t) == Co(z,t), 0<x<b,

so that both concentration functions are posed on positive intervals. The problem becomes

[0t — D10yz] p(z,t) =0, (x,t) € (0,a) x (0,T) (8.PDE1)
[0¢ — D20yz] q(z,t) =0, (x,t) € (0,b) x (0,T) (8.PDE2)
p(z,0) = Cy 0, x € [0, al (8.IC1)
q(z,0) =0, x €10,8] (8.I1C2)
gﬁ (a,t) =0, te[0,T] (8.BC1)
q(b,t) =0, te0,T] (8.BC2)
—D, gp (0,1) = 2%(0,19, te[0,T] (8.BC3)
p(0,t) = kmq(0,t). te[0,T] (8.BC4)

7
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Now we define the Fourier Transforms

a b
P(A, ) ::/ e~ p(x, t) da, (A t) ::/ e g(x,t) da.
0 0

These agree with the usual exponential Fourier Tranforms of p, g, after their extension by zero to the full line.

Applying these transforms to (8.PDE1)—(8.PDE2) and integrating by parts twice yields the global relations

t
ﬁ()\,t)eDl’\Qt =p(\,0)+ Dy / eP1A%s [i)\e_“‘ap(a, s) — p=(0,8) —iAp(0, s)} ds, (9.GR: p)
0
t
G )Pt = g(\, 0) + Dz/ eD2A"s [e*“‘bqw(b, s) — q(0,s) —iAg(0, s)} ds. (9.GR: q)
0

The initial data give

P, 0) = / e g dr = %(1 —e ) = P(\),  4(\0)=0
0

Derivations of (9.GR: p)—(9.GR: ¢)) are included in Appendix

3.2.2 Ehrenpreis form and spectral boundary data

For 0 <t < T, we define the time-t spectral boundary transforms as

t
f}’()\;t) :=/ ¢D1A%s d7p(0,s) ds, g] (Ast) / D1x? $97p(a, s) ds,
0

t

fj#()\;t) = / eD2A%s 04(0, 5) ds, / Dox? $97q(b,s)ds.
0

When convenient we also write f]" (\) = f]b (A T) and similarly for gj, fj , gj , corresponding to the fixed terminal

time 1" > 0.

Applying the inverse Fourier transform to the global relations (9.GR: p)—(9.GR: ¢)) yields the preliminary

integral representations

2mp(x,t) = / eiAz—DiX*t P(\)dX\ + D, / eiM(@—a)=DiX%t [iX (X t)] dx
— Dl/ MDA (0 1) LA f (A 1)] dA, (10.P.1)
omq(z,t) = Doy / eA@=b)=D22t (# (N 1) gX — Dy / MDY [ Oy i fE( )] dh. (10.P.2)

Finally, for later contour deformations we replace the upper limit ¢ by the fixed terminal time 7' in the
spectral boundary transforms. The additional contributions integrate to zero after contour deformation, by
analyticity of the transforms and Jordan-type decay estimates (see Appendix . Thus, in the subsequent
Ehrenpreis forms we may use fJb (N, g;()\), fj# (M) and g;%()\) (with upper limit T') without changing the resulting

solution formulas.

Now we define the following complex regions:
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Ei={AeCF:R(N\) <0}
:{)\:reiazeei(ﬁ,%’)},

={AeCt:R(N\?) >0}

:{)\:rew:06:&(0,%)U:|:(?{T”,7r)}.

And let 0D* and 0% denote the positively

oriented boundaries of D* and £*, respec-
tively, as shown in Figure [2] l
Figure 2: Regions D* and £F in the A-plane.

Lemma 0.1.
/8 . eiAT=DiA*t [F1(0) +iAfg (V)] dr =0, (L0.1a)
/8 . M= =DIN g (3)] dA = 0. (L0.1b)
Proof: See Appendix [B-4

So we redefine the integral boundaries of (10.P.1J).

= 2mp(a,t) = / DI () ) - Dl{ /a . /6 . } A=a) =D [ gh (V)] dA
_ iAz—D1 A%t ¢b -y b
Dl{/aD+ /w} [£200) + AS5)] dA

Applying (L0.1b) to the second integral and (L0.1a) to the third, we obtain

2mp(z,t) = / eP=DINt PO)Y )\ — Dy / M= =D [y gb(A)] dA

—00 oD~

- D / NP2 () i f3(A)] dA. (11.EF: p)
oD+

We similarly apply contour vanishing arguments analogous to Lemma 0.1 to (10.P.2)) to obtain

2mq(x,t) = — Dy / eA@=b)=D22t o # (\) g\ — D, / +ei’\’”—DQ’\zt[fl#()\)+z’)\f(?é()\)] d\.  (11.EF: q)
oD~ oD

These are our Ehrenpreis forms for p and ¢. However, these representations depend on the six unknowns g(b)()\),
F2N, £200, g7 (), fE(N), and f()). These are related by the global relations evaluated at t = T together

with the interface conditions.

3.2.3 Scaled system and elimination of unknown spectral data

In the global relations (9.GR: p)-(9.GR: q)) the time exponentials have the form "7 Ns To work with a single
AZs

phase e ? across both layers, we reparameterise the spectral variable by

A=

E
<@
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so that D;(A//D;)? = A%, (We will also use A — —\/,/D; later.)

Previously we defined

T T
PO = / PN DIp(0,5)ds,  g(N) = / P15 93p(a, 5) ds,
0 0

T T
f]#()\) = /0 eD2M's 914(0, 5) ds, g;%()\) = /0 eD2A"s d7q(b, s) ds.

Under the reparameterisation above, it is natural to introduce the rescaled quantities
T, T,
Fjb()\) = / e**9Ip(0, s) ds, Gz-()\) = / e**9Jp(a, s) ds,
0 0

T T
FF*()) = / 07q(0,5)ds,  GF(\) = / 297 q(b, s) ds.
0 0

J J

Then, by direct substitution of A//D; into the original definitions,

)= )= 2o () -erm

Even symmetry. Each of FJb , G?-, Fj#, G;# depends on A only through A2, hence

FI (=N =F/(\), Gi(=N) =G5\, FF(-N=FFN), GH-)N=GF0).

J

This A — —\ symmetry will be used when combining transformed relations to eliminate unknown spectral
boundary terms.

So now, to relate these unknown boundary values, we start with the global relation for p evaluated at t =T,
PO T)EP T = P(N) + Dy [ide™ g3 (1) = f1(3) = iAf3 (V). (12)

We apply the changes of variables A — +)\/y/D; and apply the new scaled spectral functions. This gives

ﬁ(%;T) N7 = P(\/%) +iy/Dy Ae VPG (N) — Dy FY(A) —in/Dy AFJ(N), (13)
1 1

p(-\/LD_l;T> N = P(— \/2_) —i/Dy X e VPTG (N) — DyFY(A) +iy/Di AF2()N). (14)

Scaled global relations for ¢

The global relation for q at ¢t =T is written as
G TP T = Dy [ g (1) = FEO) = infF V)],

then applying A — £A/+/D5 and using the new spectral functions gives the scaled pair

‘?<¢Lp—; T) ¥ = Dy[e MR GE() - () — i~ B V], (15)
q(- \/2_2; T) N7 =D, [e“bNDT GF\) —FF(\) +i \/2_2 Fg‘*(x)} . (16)
10
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Now we can consider (|8.BC3|) and 1|8.BCZ|).
From (8.BC3)), we have p,(0,t) = —g—fqm(o,t)

D
(0, 1) —D—jeﬁt 2+(0,1)

T T

D
:>/ p2(0,s)d ——2/ (0,s)d

0 Dy Jo

D
= F(\) = -5 Ff ()

Dy

n (8.BC4)), we have p(0,t) = k;,q(0,t), we do the same process:
= Fy(A) =k B (V)
We apply these BCs to equations and to obtain:

ﬁ(%;T) N = P(%) +iy/Dy AemPVPGE (N + DoFF(N) —in/Dy Mk FE(N),  (17)
1 1

A 2 N A .
ﬁ<_\/D_1;T> AT = P<— \/D_1> —iv/Dy AePYVPLG(N) + DyFF(A) + in/Dy Ak FEF(N). (18)

Now we have a system of four equations - relating four unknowns. In matrix form, we have

—ida ~ )\
, , _— A~ A
iv/Dy AeVPr 0 —iv/DikmX Dy (N p<\/D—1’T> P( )
ida 0 )\ Dl
iy xe , p ———:; T : A
i/D1 Ae Vo1 0 ivVDiknX Dy || GF(N) _er p( NI > ) P(_ D1>
—iAb 4 R A
VD2 . _ FI(\) (—; T>
0 Doe , 2 iA/Do Doy 0 q VD, 0
W F{F () A
0 Dge\/Di2 i\ Doy —Dsy (j _—;T 0
VD2
A full derivation of the solution to this system can be found at Appendix [B-5]
Substitution into the Ehrenpreis forms
Starting from (11.EF: p|), we use the rescalings defined previously,
D
=GWD1), I == FE VD 50 = ka B (WD),
and a redefinition of our spectral parameters based on decay on complex contours, to obtain
2mp(x,t) = / eAT=DiINt p3\y ) — Dy / M=) =DIN 11\ G (A\/Dy)] dA
oo oD~
. Doy ~ -
D, /6 N pide— D1t [_Fj FF(OM/D1) + iNem FF (A/D1)| dA. (19)

Likewise, for g(z,t),

omq(x,t) = —DQ/ ei“@*b)*DMQté#(m/DQ)dA—DQ/
oD~ 0

NP2 [EH (X\/Dy) + MY (A\/Ds)] dA

(20)

D+

11
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Here é%, é}#, ﬁf , ﬁl# denote the corresponding spectral terms with the exponentially decaying contributions

(on ODF) removed, and are as follows:

SR G RTICC, ) R GLEE,  RUEE. )

RO ==Y )G, B —eos( ) GOV,

and

3 ) R ) )
4 Discussion and Comparisons

4.1 Consistency of the two representations

Both the Laplace and UTM approaches solve the same diffusion model . The Laplace method produces series
representations @7@ obtained by residue inversion at the poles sy = —\2, where the \;, satisfy the transcen-
dental condition . The UTM instead yields contour integral representations — after elimination of
unknown spectral boundary data via the scaled global relations. As shown in Figure [3] the numerical evalua-
tion of these two representations produces indistinguishable concentration profiles over the spatial domains and
times considered.

Two-layer diffusion solution Laplace Transform Approach Two-layer diffusion UTM solution
a=0.50, b=1.00, D1=0.10, D2=0.05, km=1.00 a=0.50, b=1.00, D1=0.10, D2=0.05, km=1.00
T T T T

X X

(a) Laplace transform series solution profiles (b) UTM contour solution profiles

Figure 3: Concentration profiles obtained from the (a) Laplace transform series and (b) UTM contour repre-

sentations.

12
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The parameters used to generate Fig. [3] were chosen as a representative test case to illustrate consistency of
the two approaches. This agreement provides a validation check on both derivations, in particular the handling

of the interface conditions and the implementation of the numerical inversion.

4.2 Laplace transform method: strengths and limitations

A practical advantage of the Laplace transform approach is that it reduces the PDE system to constant-
coefficient ODEs in z, producing compact transformed solutions and @ The physical structure of the
model is visible already in the Laplace domain: boundary conditions are enforced by the choice of hyperbolic
basis functions, while the interface coupling appears through the single denominator A(s). In particular, the
poles of ﬁ encode the relaxation time scales of the composite system, and the resulting inversion naturally
leads to a modal decomposition with decay rates et

However, the main cost of this method is the inversion step. Even in the two-layer setting, inversion requires
a careful analytic description of the singularities, together with explicit residue calculations at the zeroes of
A(s). The eigenvalues A\ are not available in closed form, but must be obtained numerically from . This
makes the numerical implementation a coupled task. One must compute a sufficiently large set of roots {A\},
and then evaluate the weights involving A’(—A?), and finally choose a truncation level K so that the remaining
tail is negligible for the times of interest.

The convergence behaviour is strongly time-dependent. For large ¢, the exponential factors et give rapid
decay, and relatively few terms are needed. But for small ¢, many modes contribute, so the truncated series
may converge slowly unless K is taken large. This is typical for eigenfunction expansions of diffusion problems
and is not specific to this model, but it becomes more pronounced as the geometry becomes thinner with small
a or b or the diffusivities D; are large, since the characteristic decay times shorten. In multilayer extensions,
the algebraic complexity of A(s) grows and the eigenvalue problem typically becomes more complicated, so
the analytic inversion and residue bookkeeping can become arduous or near-impossible, making a numerical

inversion approach an enticing route.

4.3 Unified Transform Method: strengths and limitations

The UTM reorganises the same problem around global relations and , which couple trans-
forms of the solution to spectral boundary data. A key structural difference is that the method treats boundary
and interface conditions at the level of these global relations, rather than embedding them through an eigen-
function expansion route. After contour deformation, the Ehrenpreis forms and express
the solution in terms of integrals over 9D*, and unknown spectral boundary values are eliminated by solving
the scaled linear system (L5)—(L8).

One practical advantage is that changing the initial conditions modifies only the initial transform P()) (and
Q()\) if nonzero inital data is prescribed in the skin layer), while changes to boundary or interface conditions

typically alter only the linear algebraic system relating the spectral boundary values, leaving the overall contour
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representation intact. This is especially attractive for composite and multilayer media, where the interface
conditions can be incorporated systematically into a spectral system that is larger but still linear. In that sense,
the UTM is well-suited for extending the present model to more layers or alternative coupling laws.

But the main drawback is its technical complexity. Derivation requires analyticity and decay arguments (for
example Lemma 0.1 and the replacement of ¢ by T in the spectral transforms), careful contour definitions, and
a nontrivial elimination step. From a computational perspective, the method replaces root-finding and series
truncation by numerical contour integration of oscillatory integrals. Accurate quadrature can require attention
to parametrisation of 9D*, handling of cancellation, and a sufficiently large contour radius to capture the
main contribution while retaining decay from e~ Nt In practice, the UTM can be computationally heavier,

although it avoids the need to compute many eigenvalues, and it behaves well for small ¢ where series methods

may require many terms.

4.4 Comparison between two approaches

For the two-layer problem studied here, both methods produce usable analytic representations and agree nu-

merically. Their differences are primarily in (i) the location of difficulty and (ii) how naturally they generalise.

Deriwvation effort. The Laplace transform method is direct and straightforward up to the transformed solutions
f@, but inversion requires residue analysis tied to A(s) and its zeros. The UTM requires more complex
analysis through global relations, contour deformation and analyticity arguments, but once established it yields

a systematic route to incorporate boundary and interface information.

Numerical evaluation. Laplace inversion yields rapidly convergent series for moderate ¢, but may require many
terms for small ¢ and depends on stable computation of the eigenvalues and weights. The UTM avoids eigen-
value computation but requires contour quadrature of oscillatory integrals, which can be more expensive per
evaluation. In many parameter regimes, the Laplace series is efficient once roots are available, while the UTM is
robust across changes in problem data and is less sensitive to the need for very large truncation at early times.
Ezxtensibility. For additional layers, modified boundary conditions, or more complicated interface setups, the
Laplace transform approach can become algebraically demanding, as A(s) becomes more complex and the
inversion step may not admit a clean residue structure. The UTM tends to scale more naturally: additional
layers enlarge the spectral system but preserve the same overall contour-deformation framework. This supports

the use of the UTM as a flexible analytic tool for composite diffusion models beyond the basic two-layer setting.

5 Future Work

There are several natural extensions of the present model and methodology.

1. More realistic distal boundary conditions. Replacing the perfect sink Cy(b,t) = 0 by a Robin condition
DyCy (b, t) = h Ca(b,t) would model finite uptake into blood and is common in transport modelling. This
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modification is straightforward within the UTM framework (altering the spectral system), and it would

be useful to compare the resulting Laplace inversion complexity with the two-layer case.

2. Multilayer skin structure. Adding a stratum corneum, viable epidermis, and dermis layer leads to a genuine
multilayer composite medium with multiple partitions and flux matching conditions. A direct comparison
of how A(s) and its eigenvalue condition scale versus how the UTM spectral system scales would sharpen

the practical conclusions of this report.

3. Time-dependent and nonlinear interface laws. In practice, the interface condition at x = 0 may vary
in time due to hydration, temperature, occlusion, or changes in formulation, so it is natural to consider
a time-dependent partition coefficient k,,(t), or more general interface laws that include an interfacial
resistance like imperfect contact, or nonlinear sorption. These modifications affect the coupling conditions
and therefore have a large impact on predicted uptake. A useful direction would be to examine how each
analytic framework adapts when k,, is replaced by k,,(t), or when the interface condition is replaced by

a resistance-type law coupling flux to a concentration jump.

4. Reaction, binding, or clearance in skin. Including a linear reaction term in the skin layer, or reversible
binding, leads to a reaction-diffusion PDE that can represent metabolism or binding kinetics. Both Laplace
transform and UTM methods can still apply in linear settings, but the balance between Laplace inversion
complexity and the contour based elimination in the UTM must be reassessed, since the reaction term

changes the analytic structure of the transforms.

5. Parameter estimation and sensitivity. Given experimental concentration-time data or flux measurements,
one could study identifiability and sensitivity with respect to (D1, D2, kn,,a,b). This would connect the
analytic representations to practical inference problems and clarify which parameters are most influential

in different time regimes.
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A Laplace Transform Derivations
A.1 Derivative of A(s) at the poles

A(s) =k, smh(b\/>) smh( \/Dzl) + \/g:jcosh( \/Dzl) cosh(b Di2)

Differentiating and evaluating at s = s gives

N (sp) = [QVm cosh(b\/z’;> sinh(a\/f):’“l) + smh(b\/>) 5 D1 = cosh(a %)]
+ \/g:jl—%/gl—sk sinh(a %k;) cosh(b ;ﬁ;) + cosh( \/7) 2\/D2—5 smh( %)]

Setting s, = —)\2 with A, > 0 so that /s = iA; on the principal branch gives rise to
A(=)\3) = { cos ( DA > sin ( L ) sin < b2 ) cos <a—)\k>]
206V D2 VD2 VD1 2)\k\/_ VD2 VD
+ \/D72 [ cos( bAk ) sin < A ) + b sm( bAk )cos <ﬂ>] .
20xv/ Dy VD> vDi)  2\VD: VD> VD1

A.2 Removable singularity at s =0

Recall

Recall
CLO FQ(.’E, S) R s . s
s AR Fy(z,s) = smh((b — ) D_z) smh(a D_l)'

Although Cy contains an explicit factor 1/s, the point s = 0 is not a pole: the singularity is removable.

Co(z,5) =

As z — 0 we have the Taylor expansion sinh z = 2 + O(2%). With

A(s) :=(b— x)\/Dzz, B(s) := a\/Dzl,

it follows that, as s — 0,
Fy(z,s) = sinh(A(s)) sinh(B(s)) = (A(s) + O(A(s)*)) (B(s) + O(B(s)*)) = A(s)B(s) + O(s?).

Since A(s)B(s) = a(b— ) ﬁ, we obtain

Fy(z,s) = ?}ll))z_gz) s+ 0(s%), s — 0.

Moreover, A(0) = ,/g—f # 0, because sinh(0) = 0 and cosh(0) = 1. Therefore,
Catos) — Cro Pola5) 5 +Os)
AT s AG) T Y A0+ O(s)

is bounded as s — 0 and admits a finite limit. Hence s = 0 contributes no residue in the contour inversion.

B Unified Transform Method Proofs and Derivations

In this appendix we derive the global relations (9.GR: p)—(9.GR: ¢)) from the transformed PDEs by integrating

by parts twice.
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B.1 Derivation for p
Recall that after applying the respective Fourier transform to , we obtain
0=0,p(\,t) — Dy /Oa e p o (z,t) da.
Integration by parts twice gives:
0= 0wp(\;t) — Dy {[e_i)‘sz(x,t) +ide M p(x, t)] - )\2/0 e_i)‘mp(x,t)dx}

= (9 + X*D1)p(Ait) = Dy [~ 2op(@ ) +ide”"pla.t) — pu(0.1) = iAp(0.1)
= (0 + N’D1)p(A; t) — Dy [ide™p(a,t) — pa(0,t) — ixp(0,1)] .

Multiplying by e? 12t and integrating from 0 to ¢ gives the global relation
t
ﬁ(A;t)eDlA% =p(\,0)+ Dy / eD1A*s [i)\e_i)‘“p(a, s) — pa(0,8) — iAp(0, s)] ds.
0
Finally, since p(z,0) = C1 9, we have

p(A,0) = / e~ g dr = %(1 —e 1) = P(\).
0

B.2 Derivation for ¢

Similarly, after applying the respective Fourier Transform to (8.PDE2), we obtain
b .
0= 014(\,t) — Dy / e gz, t) da.
0
Integrating by parts twice as above gives
b
/ eil)\m qzz (LII, t) dx = eiz)\be(ba t) - Qx(07 t) + iA(eil)\bq(bv t) - Q(O, t)) - >‘2qA()‘7 t)'
0

Hence

(0 + D2X)GA D) = Do (€™M (b,8) + ie™q(b,1) = .(0,1) = iAq(0,1) ).

Using the boundary condition ¢(b,t) = 0, we obtain
(9 + DDA = D (e a(b,1) = 02(0,) — iAa(0,1) ). (21)
Multiplying by eP22\*t and integrating from 0 to ¢ gives
G(A, t)eD2>‘2t =§(\,0)+ Do /Ot eD2N's (e_i)‘qu(b, s) — q(0,8) —iAg(0, s)) ds,

which is (9.GR: d)). Since ¢(z,0) = 0, we have

b
i\, 0) :/ e~ (0 de = 0.
0
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B.3 Replacing ¢t by 7' in the spectral boundary values

In the derivation of the preliminary integral representations (10.P.1)—(10.P.2)), the transforms p(X;t) and G(A;¢)
were expressed in terms of the spectral boundary values f; (A1), g';-(/\; t) and fj#()\; t), g;%(/\; t) and were defined
with upper limit t. We now show that, in the contour integrals over 9D*, we can replace this upper limit by

any final time T > ¢ without changing the value of p(x,t) or ¢(z,t).

Lemma 0.2. Let T >t > 0. For all z € (0,a),

0= / ei“—mzt([ff(A;T) — A H] +ix[fo(NT) - fS(A;t)]) d, (22)
oD+

and for all z € (0, a),

0= /8 I ‘(A [N T) = ghxit)] ) ax. (23)
Likewise, for all = € (0,b),
0= / e XD ([ OGT) = FEG ] +id [[FOT) = fE 1)) ) an, (24)
oD+

and for all z € (0,b),

0= / e"“””"”‘””zt([gf(A;T) - gf(A;t)]) dA. (25)
oD~

Proof. We prove the fg part of ; the f? part is almost identical, with p replaced by p,. The remaining claims
f follow by the same argument, with the appropriate boundary traces, and (for the 9D~ integrals) using
that F(A) <0on 0D~ andx —a <0,z —b<0.

Since s — p(0, s) is defined on the finite interval [0, 7], the map
T 2
A= / ePA 5 p(0, 5) ds,
0
is an entire function of A. Therefore,

T
ixe DNt [fS(A; T) — fo (X t)] = i)\/ D1 (5=1) p(0, s) ds,
¢

is entire.

Integrating by parts in s (and assuming A € D+ and T >t > 0) gives
D172 (s—1) s=T

T D )\2( t) T Dl)\ (S t)
iA e 1 T n(0,8)ds = i | —————p(0, s —i)\/ ———p:(0,8) ds
/ p(0,5) 5 p(0) )

s=t

. T
= [Py p(0,T) — p(0,t) — / D12 (s=1) p+(0,8)ds |.
Dix ;

Hence

T
e P RNT) - 0] € ()eD1*2<T—t>p<o,T>\+|p(o,t>|+ [ [er e 0mo.) d8>.
t

For A € Dt we have R(D;)\?) < 0, so

)eDl)\?(T—t)) S 17 ‘eDl)ﬂ(s—t)‘ S 1 (t S s S T)
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Therefore,

2 1 T
\Me‘m FfeNT) = fa(X; t)]\ Dilv (Ip(07T>I+|p(0,t)l +/t |pt(075)|d3>7
SO
iNe PR OST) = fo(st)] = O(A™Y), || = oo within D¥,

uniformly in arg(\).

Finally, for 2 > 0 and X in the upper half-plane, [¢***| = e=*3(") < 1. Thus the integrand in is O(]A|71)
on large arcs closing 9D, and since it is analytic in D, Jordan’s lemma (together with Cauchy’s theorem)
implies that the contour integral in vanishes. This proves the fg contribution, and the other parts follow

as noted above. O

By Lemma 0.2, the contour representations are unchanged if we replace the time-t spectral boundary values by

their time-T" counterparts. In particular, within the contour integrals we may use the shorthand

B = HNT), ) =gWNT), [N =T, gf (V) =gf (NT),

without changing p(z,t) or q(z,1t).
Although the resulting “T-version” of the representation appears to involve boundary data for future times

€ (¢,T), Lemma 0.2 shows that these contributions integrate to zero, so there is no dependence of the solution

on the future boundary values.

B.4 Proof of Lemma 0.1

We will just prove the fo part of (LO0.1a)); the f; part is almost identical. After the change of variables A — — A,
the go part (LO0.1b)) is also very similar.

As shown in standard Fourier analysis, the exponential Fourier transform of a function defined on a finite
interval is an entire function. Here fJ(\;t) can be viewed as the exponential Fourier transform of s + p(0, s)

on [0,t], evaluated at the complex frequency iD;\2. Therefore,
ixe DNt fo(nt),

is an entire function of .

Integrating by parts once in the definition, and assuming A € £ and t > 0,

t
ixe DXt fent) = i)\/ eDlAz(S_t)p(O,s) ds
0

eD1N(s—1) s=t t gDIA?(s—t)
=1\ Wp((),s) — i\ ) Wpt((),s) ds
s=0

) t
= DL/\ (p(O, t) — e_Dl’\2tp(0,0) - / D13’ (s=1) p:(0, 8) ds> .
1

0
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Hence

1 t
e v < o (|p<o,t)| +[e=Pr¥p(0,0)] + / [P0, (0, 8)| ds) .
1 0

Now for A € EF we have R(D;\?) > 0, so

|67D1)\2t| <1, ‘eDl)\z(sft)| _ e?R(Dl)?)(sft) <1 (0<s<t).

Therefore, ,
1
ine 2 o) < i (10014 001+ [ n0.5)]ds).
Di[A| 0
SO
ixe DN ) = O(AY),  |A| — oo within €T,
uniformly in arg(\).

Multiplying by e*** does not affect the estimate on the closing arcs in C*, since |e***| = e SN <1 for x>0
and $(\) > 0. Thus the fy contribution in (L0.1a) has integrand O(]A|~!) on large arcs in £*. By Jordan’s

lemma (with z > 0) and Cauchy’s theorem, its contour integral over €™ vanishes.

The f part is identical, with p replaced by p,. For (LO.1D), write g2(\;t) = fot eDl)‘2sp(a, s)ds and apply the

same computation on £, noting that 2 — a < 0 and [~ < 1 for F(\) < 0.

B.5 Solution of the spectral system

For compactness set

and define the even/odd combinations

Algebraic reduction

Starting from 7, adding and subtracting and gives

2/D; Asin(61) G ( )\)+2D2F#()\) N Th(N) = Pr(N), (26)
2i7/D1 Acos(01) Go(N) — 2iv/Dy kA FF(A) = e Tp_(N) — P_(N). (27)

Similarly, adding and subtracting and yields

N°T
F{F(A) = cos(62) GT (N) — 5D, 4+(A), (28)
2\ FJF(A) = —2i\/Dasin(6y) G¥(\) — ‘jD_T G- (). (29)
2
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Substituting into and dividing by 2 gives

VD1 Asin(61) Gh(\) + Dy cos(62) GF (\) = Ri(N), (30)
where
AT 1.
Ri(A) = T(ﬁ+()\) +34+ (V) - 2P+ (A)-

Next, using inside and dividing by 2iy/D; gives

Acos(01) GY(N) 4 km/Da sin(6:) GF(\) = Ry(N), (31)
where
1 2 [ kmv D1 . ~
o) = 5= (X7 -0 = 2= (] - Py,
Equations f may be written as
(G%(A)) (Rl ()\)) /Dy Asin(6y) D5 cos(63)
M((X) = , M(N) = . (32)
G#(A) Ra(M) Acos(f) kmy/Da sin(fz)
A short computation gives
A(XN) :=det M(A ( mV D1D2 sin(0;) sin(f2) — D cos(61) 005(02)), (33)
Acore(A) = AT = km+/ D1D2 sin(6y) sin(62) — D4 cos(6) cos(62). (34)

By Cramer’s rule,

km\/D_Q sin(02) Rl ()\) - D2 COS(GQ) R2 ()\)

Go(\) = AO) : (35)
GF ) = A(v/Dy sin(6;) RQA( A))— cos(61) Ri(X)) _ \/lTlsin(é?l)}ngiz(;)cos(ﬁl)Rl()\). (36)
Then ([28)-(29) give
F{f(3) = cos(62) GT (V) — % q+(N) (37)
AN (N) = —2iy/Dy sin(6) GF () — f;; G-(). (38)

Vanishing of the T-dependent contributions

The quantities Ry(A) and Ra(A) contain terms proportional to X’ Tp.(A) and XTG4 (X). When T > t these
parts do not contribute after substitution into the contour integrals for p(z,t) and ¢(z,t).
Indeed, p(+;T) and G(+;T) are entire functions of the spectral parameter (exponential Fourier transforms on

finite intervals), hence so are pi,d+. Within the contour integrals one encounters the factor

o~ DiNt NT _ DiN (T—t)
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On 9D* we have R(\?) < 0, so for T > t this factor decays exponentially as |A\| — oco. Since the remaining
factors are analytic in the relevant domains, Jordan’s lemma and Cauchy’s theorem imply that the contour

integrals of the T-dependent parts vanish. Consequently, within the contour integrals we may replace

1

o \/D_lﬁ,(x), (39)

Ri(\) — —%E(/\), Ro(\) — —

and use f with these simplified right-hand sides.

For reference, define
1 N

27:\/D_1P_()\)’

~ 1. _
RBi(A) = —5Pr(A),  Re(d) =~
and the corresponding spectral functions

Epv/Da sin(6s) Ry (A) — Ds cos(6s) Ra())

Go(A) 1= AQ) ,
~4 . /Disin(0;) Ro(\) — cos(6;) Ry (N)
cty === Aim(x) —
F#(X\) := cos(62) GF(N), UNEF (N) := —2i\/Dy sin(6y) GT (A

By the vanishing argument above, the parts of Ry(A) and Ra()) proportional to e**7p.(N) and e*’ TG ()
do not contribute once substituted into the contour integrals for p(x,t) and ¢(z,t) (with T > t). Hence, we

may replace our spectral functions GO, G# Fj # , FY # with G G# Ej i F1# in the integrands.

Reproducibility note

Numerical evaluations of the Laplace-series representation @f@) were performed by computing the first K pos-
itive roots { A }H< | of (5) using bracketlng and fzero, and then summing the truncated series with coefficients
involving A’(—)?) (Appendix .

For the UTM, p and q were evaluated from the contour representations f using the simplified spectral
data Eh Ry (i.e. omitting the T-dependent contributions as justified in Appendix . The real-line integral
in p was truncated to [~ Lyeal, —€] U [€, Lreal], and the contour integrals over 9D* were evaluated by quadrature
along two rays A = r(—c=+i) and A = r(ct1i), r € [, Ryax, closed by a small circular connector arc of radius
to avoid the pole at A = 0. The truncation parameters L, and Ry.x were chosen from the decay of e~ DiN*t
using a prescribed tolerance, and quadrature was performed with tight relative and absolute tolerances.

To preserve space within the appendix page limit, the full MATLAB implementation is omitted, but the

formulas, contour parametrisations, and parameter values stated in the report are sufficient to reproduce all

numerical results.
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