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Abstract

In [2], there is a part of proof for theorem 1.3 that is not correct. So T.Garoni and I give a correct proof for that part in

this report.
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1 Introduction

1.1 The Cuire-Weiss-Potts model

The Curie-Weiss-Potts model is an interaction of vertex variables on a complete graph K = (V, E), with each of n vertices
assigned anumber i € [g]. A colouring is a configuration of K with every vertex assigned a number. We define a colouring
o on K as an element of the state space Q = [g]", so that a colouring can be written as 6 := (0;) jev € [g]". The essential

quantity concerning a colouring o is its total energy, given by Hamiltonian H : [g]" — R via

H(o):=) —6 Y é(ci.0))

i€V jev

where f3 is the inverse temperature of the system. The Gibbs distribution of ¢ is given by

exp (—H (o))

) = v e H ()

Refer to [3] for more details.

1.2 Multivariate Stein’s method

The main tool we will be using is the following stein’s method theorem.

Theorem 1.1. Assume that (W,W') is an exchangeable pair of R?-valued random vectors such that

EW] =0, EWW]=x,



with ¥ € R7*9 symmetric and positive definite. If (W,W') satisfies
EW —W|W] = —AW +R, (1)

where R represents remainder, for an invertible A and a 6(W )-measurable random vector R and if Z has d-dimensional

standard normal distribution, we have for every three times differentiable function g,

1
ew) - Be(22)] < 2+ KD (1 Jatimy 2 ) @)
where A() .= anzl \(A_1)|m,,',
9 a9
A:ZZM\/VW[E [y —wyw;—wpw], 3)
i=1j=1
49 49 4 , , ,
B=Y Y Y AVEI(W/ — W) (W] = Wj) (W, — W), (4)
i=1 j=1k=1
q o
c=Y 29\ /E[R}] (5)

Il
=

1.3 Main theorem

From [1], we know that, if inverse temperature 8 < f3., where

q, q<2,
ﬁc: »
2ZT210g(q_1)a q>27
then
Ni(o) = (8(0i,1),...,6(0i,q))

satisfies the law of large number and the central limit theorem, that is,

n n 1 1
ZS(Gial)a"'725(Giaq) - (7"'7)
i=1 i=1 q q
and
W~—L liN-fl = .4 (0,E[Www'])
S Vn\n5 g ’ ‘
The following theorem from [2] gives the rate of convergence that W converges in distribution to normal distribution,

N (0, E[WW]).

Theorem 1.2. Let § € (0,f3;) with B # 4(q—1)/q and h = 0. Assume that there is a unique minimizer x of

Gp j(u) = %ﬁ(u,u} —log <q1exp (Bu; +hé(i, 1))) , ueRq

15

If Z has the g-dimensional standard normal distribution, we have for every three times differentiable function g with bounded

derivatives,

[Bg(W)—Eg(x'?z)| <C-n"'2,



for a constant C who depends on B,h,q and bounds on the derivatives of g, and ¥ := E[WW'] where

Wo— ﬁ(i_x()) . N:= <Zn:6(c,~,l),...,2n:5(0i,f])> ;
i=1 i=1

and

227~ 4 (0,%).

Remark 1.3. From theorem 1.1 of [2], we know if B < f. and zero external field, xo = (1/g,...,1/q).

2 Proof of the theorem 1.2

In this section, we present the more detailed proof for theorem 1.2 from [2] using theorem 1.1.

Constructing an exchangeable pair in the Cuire-Weiss-Potts model to obtain an approximate linear regression property

(1) leads us to the function Gg ;. Let ¢ > 2, h =0and § < f3. and let xo denote the unique global minimum point of Gg ¢.

Then we produce a spin collection 6’ = (6/);> via Glauber dynamics,. Let I be uniformly distributed over {1,...,n} and
independent from all other random variable involved. The spin ¢; will now be replaced by 0'; drawn from conditional

distribution of the i-th coordinate given (0; ), independently from ;. We define

Y[,i = Ytl(G) = 6(6fai)a

and consider

W =W — E_‘_L/
' vion

First, we verify that (W,W’) is indeed an exchangeable pair and satisfies property (1). Let & := 6(07,...,0;) be a sigma

algebra generated by spins {07,..., 0, }. Then by law of total probability, we have

1
E[W/*Wi|j}zﬁE[Yn Y| 7]
1 1 n , >
:%ﬁ E[Yk,[_Yk,i|</7I:k]
k=1
L R 11
:ﬁﬁZE[Yk7i|§,I:k]—772EYk,|,/ =K

~
Il
—_

:_\}ﬁlz kit \f ZEYkz\J‘I K,

the last equality holds since ¥} ; is % -measurable and the second summand can be simplified,

B[V} .7 .1 = ] =EI8(0 )71 = ]
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=E[8(0},i)|(0)1<k<n I = Jj]

_E [6(0;,i>|(o,2>1%k§_,,,1 _ J}

#J
= o-e%]v S(T,i)Pﬁ,O,n (O'jl = T’(O-k)l%?kgml = ])
:Pﬁ0n<o- _l|(6k)1§i<nl ])
_ exp(Bm; (o))
= 5T exp(Bmy(0))’ ©
where
mis(o) = Y 8o
7
Hence,
o exp(Brn, ()
EW/ - Wil-#] = Z i fn,zlz, Lexp(Bm ()
____ _ exp(Bmi (o))  exp(Bmi(0))
B 26 O-J’ Z |: 1= 1eXP(ﬁmlJ(G)) ?:1 eXP(ﬁmk(o-))]
1 1 exp(ﬁmz( ))
" \/ﬁn,zl T, exp(Bmi(0))
__L il . exp(Bm j(0)) exp(Bm;(o))
="t T ,):l[z, Jexp(Bmi (o)) | TL lexp(ﬁmkw))]
L1 _ew(pmi(o)
\/_Zl 1eXP(Bmk(°-))
_ L exp(Bmi(0)) (1)
=" O ST exp(pmoy) T )
_ Loy exp(Bmi(0)) (1);
< (meo) z;f:lexp(ﬁmk(o»)”" ®
2
:_Ln%é_ Gpo(m(a))+R (i), ™)
where
D 1L [_epBmis(0) exp(Bm(o))
BiO= 70 L | R e 1 ©

We are dealing with the case with zero exterior field, i.e. & = 0. So the inverse temperature f3 is less than the critical

inverse temperature 3. and Gg  has the global minimum point xo = (1/g,...,1/q).

In (7), the first summand can be written as

2
S2-Gpalm(©)) = 5-Gipo(o) + 35:-Ggalaa) () 0
q 2
+Zauka -Gp o(x0) (mi(0) —xo0x)
k;ét
w2y PO 1200006y ol +i(m() ol

al=2
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2
=0+ aa Gy, o(xo) \/_ + Z aufa (xo)%
k;ét
#2 X o J, (1-7%iGpofa +10m(@) s
Then set )
RO i) = Z )aa' / —1)29011Gp g lx0 + 1 (m() — x0)]dt,
and
R(i) =R (i) + RV (i).
So,
22 02
E W, -W|7] = “Bn [82 -Gp o(x0) WHrZ G -Gp o(x0) Wi | +R(i)
k;él
2
= ;rllkzq‘,l am?a Gp o(x0)Wi +R(i)

The first summand can be seen as cartisian dot product (-,-) of i-th row of D*Gg ¢(x9) and W

- _%l ([D*Gpo(xo)],. W) +R(0).

Furthermore, we can have

E[W-W|Z] = —%1 [D*Gg (x0)] W +R(W),

where R(W) := (R(1),...,R(q)). Hence, (W,W’) satisfies (1) with a n X n matrix A := ﬁ [D*Gp o(x0)] and a remainder
term R(W).

Therefore, theorem 1.2 is proved by theorem 1.1 if equations (3),(4), and (5) are bounded by n1/2 up to some constant.
In [2], (4) and (5) are shown to be in &(n~"/2).

Now, we want to show for (3),

f):;L(’\/Var[JE[(W — W) (W] W)|WH oY)

i=1j=1

& Var [E (W~ W) (W]~ W)[W]] = 0(n™).

Note by law of total variance, and since sigma algebra of W, (W) is a subset of .%, we have

Var (E [(W] — W) (W] —W;)|W])

=Var (E [E [(W/ — W) (W] —W;)|.7] [W])

=Var (E[(W/ = Wi)(W] = W;)|.7]) — E [Var(E [(W/ — W) (Wj —W))|.7 ]| [W)]
<Var(E [(W/ = W;)(W} - W))|.7]).

Therefore, it is enough to just show

Var (E [(W/ ~ W) (W]~ W,)|.7]) = 0(n3).

NAMS|
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Now,

E (W) — W) (W] —W;)|.Z7]
1 1
=E T(Yh YIJ)W(YI',J'—YIJ)V]
11
= Y B[~ X (¥~ 1) 7.0 = 1]
=1
1 n
= LR Y ¥ Y V¥ Y%, 7 T =]
=1
1 n
=3 LENYIF I =1] =Y BV F I =1] =Y B[V |7, I =1] + %Y,
t=1
11 , ’ ,
:m{—ni B[ 1=1) - Z E[Y.#.1=1]
=1 N
1 & , n
_%ZiY,,i]E V|70 =1] + Z l]y”}
1= =1

Then, consider the variance,

Var (E [(W/ — W;)( _]{_Wj)|y:|)

:_Var(ﬁz [Ytlt|y I_t ZY}] Y;Ay,]:t]

n n
LY nEWFI= 7/ ¥ 1)
n

L (B ewBm) exp (B
T (\/_; 12? 1exp(ﬁmlt Z Zl 1exp(ﬁmlt)
exp(Bm]t i “
Z ”ZI 1exp(ﬁmlt \/_Z )

e (Bm) 1 &, e (fm)
[ Z):, Lexp(Brm) WZIY Y7, exp (Bmr)

exp(Bm;) &
——= i+ Y,
Z ' Zl 1exp(ﬁml) tzi '

+%>j:(zfj“;§f€;;i,,) )
(g et )
(g ovm )]

ar | L iY | _exp(Bmjs)  exp(Bmy)
NG =1 " Z?:l exp (Bml,t) Z?:l exp (Bmy) 7
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LR exp (Bmi,) exp (Bm;)
var \/ﬁt;Yw< = 1exp([3ml,) Z?=1CXP(ﬂml)>]}'

To find the maximum, we analysis term by term. We start with Var(y/nm;),

Var(y/nm;) = Var (\/i_zm, - ?) =Var(W;) <E [le] =0(1), 9)
the last equality is true by a result from EM.
Next,

_ eXp (% Y Yz,i)

“* Foen(re)

exp(Bm)
" [zlq:lexpwml)]

is independent of index i, then

[ Zh exp(Bm; d exp(Bm;) | _ exp(Bm;)
1‘E[2?:1exp(/3mz] LE [z, lexpwmz)]‘ E[z;;lexp(ﬁmz)]'
Hence,
exp(Bm) |1
s ) =

Then consider the variance,

exp(Bm;) _ [ exp(Bm;) 2 _i
v [z;flexp(ﬁmz)] - (z, lexp(ﬁmz)) ]
_ exp(B/q)exp(Bm;) \?
=5 (exp (B/q) Zl 1 €Xp (Bmy) ) ]

ol ewBmi-1/9) N1
- _():, L exp(B(m — o) ] ey

Let Ay :={x€R:x; > 0Vi € [q],Licgxi = 1}, and define F : A; — R via

_(_expBi-1/g) \* 1
Flx) = (zleexpus'(x, - 1/q>>) el

Then we taylor expand F up to the second order around l,

P = F( /) + (DF(1 g1 /gy +2 ¥ BT [N ppe (g s e g

a2 (a—1)!

=0+ ) 9;F(1/q)(x;—1/q)

Jj€ld)

12 % (i1 1/a) [ (a0 /i1 /)

1<i<j<q
+)f .~ 1/q) / (1-12F(1/q+1(x—1/q))dr.

Now,

v [ 000

Z?zlexP(ﬁml)] =E[F(m)]
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=Y 9;F(1/q)E[(m;—1/q)]

Jj€ld

2 X Elm—1/a)om;—1/g)] [ (10203, (1 /g +i(m—1/q))a

1<i<j<q

FYE [ 1/a] [ (1-0P3F (1 fq-+i(m—1/q)a.

i=1

But, since E[m; — é] =E[Ly} , 8(0ki)— 5] is independent of i, so

E [mi— é:| =0 Vi (10)
Therefore,
BIFn) <2 ¥ Elim—1/a)m1/q)) sup ad;F (1 /g1t~ 1/q) [ (1—17ds
1<i<j<q tfc&;] 0
+iIE[(m,-—1/q) | sup 9?F(1/q+t(m—1/q) )/ (1—1)%dt
i=1 r€fo,1]
XEN,
% Z —1/q)(mj—1/q)] S 9id;iF(1/q+1(x—1/q))
XEAy
+§)q: E [(m—1/a)") sup 92F(1/a +1(x1/a))
a8
But

A9;F(1/q+1(x—1/q))
( exp(Bt(x; —1/q)) ]_

1
=0,0,E —
! T exp(Bt(x;—1/q)) 2

:]E{a 5, exp(2Bt(x1 —1/q)) }
[Zl 1€Xp (Bt (x; — l/q

e 2B Vo ewiprin, - /o) )
[1=1exp(ﬁt(ml 1/‘1))]

=]E{ —4B2r* exp(Bt(x; — 1/q)) exp(2Bt(x1 — 1/q))
(X1 exp(Be(a —1/g))]°

| 6B exp(2p1(x1 — l/q))exp(ZBt(xJ —1/9)) }
[Zl 1exp(Bt(~xl I/Q))]

<6B%°E { exp(2pt(x1 — 1/q)) exp(2B1(x; - 1/q)) }
(X1 exp(Br(x —1/q))]

<6B*r*E[1]

=682
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Similarly, we can obtain

9id;iF(1/q+t(x—1/q))

( exp(Bt(x1 —1/q)) )2 1
lleXp(ﬁt(xl l/q)) q2
x { 90, CXC2Bil1 = 1/q) }
[Zl 1exp(ﬁt(xl l/q))]
& { 5 —2Brexp(2Br(x l/q))exp(ﬁt(mj —1/a) }
[,_lexp([it(ml 1/‘1))]
& { 621> exp(2B1(x1 — 1/q)) exp(Bt(x; — 1/q)) exp(Bt(xi— 1/q)) }
X7 exp(Bt(x —1/q))]*
6K { exp(2Bt(x1 —1/q)) exp(Bt(x; — 1/q))exp(Bt(x; —1/q)) }
[Zl 1exp(ﬁt(xl l/q))]

—90,E

<6B%.
Therefore,
q
BIF0] < sup 368 T Ellm—1/a)m;~1/a)] + 368 LE [om 1/
telo, <i<j<q =
< 61321 Y, El(mi—1/q)(m;—1/q)]
<i<j<q
2 Wi Wi
<op” L E i)
But
EWW;] <[E[WW)]| < Iiléﬁ;]dE W2 =o(1), (11)
and so
B 1 exp (Bm;) B

. exp(Bm;) ) . :
Now consider Var <m T m Define G : Ay — Rvia

(o epBli-1/q) N1
G(x) = (x12?=1exp(ﬂ(xl_1/q») e for some i, j € [q],

and g : A; — Rvia

X exp(Bxi)
! Z;I:l exp(Bx;)

Then we taylor expand G to the second order around l , SO

g(x) =

G(x)=G(1/q)+ Y, aG(1/q) —1)204G[1/q+1(x—1/q)]dt

ke[q] e =2

Then take the variance of g, we have

Var(g(m)) = E[g*(m)] — (E[g(m)))*

NAMS|




=G1/0)+ L 9,60 /aim; - 1/a)+2 X B ) [Fa- 20611 g it 1 g
Jj€lg o|=2 :
E[g<m>12+qi4

(%] [ !
_2(12215:{ 1 M (113G 11 /g +1(m 1 /) di ~Elgm)]* + 5
= 0™ ~Elgm) +

Now, to show
B . M B
Elg(m)] _E[ z 1exp([3m,)} 9 o).

First, taylor expand g(x) around l to the second order,

—1/a)*
(aa—1)!

¢ =s(1/g)+ Y ds(1/)w— 1/ +2 ¥ & [ - au1 /a1t 1 /g

kelq] |o|=2

Then consider the expectation, the second summand vanishes by (10),

Blam] = +2 ¥ E[ m—1/q)" }/Olu—r)zaag<tm+<1—r>1/q>dr.

|a|=2 )

But, for x € Ay, and ky # ko,

) 5 1s exp(Bxi) xﬁ&liexp(ﬁxi) (L7, exp(Bx1)) — Bexp(Bx; + Bxy,)
ky klg( x) = k> { k1 j Z[ lexp(ﬁX]) +x; (Z?:l exp(ﬁm1)>2
— o, { exp(Bxi) T Boiexp(Bxi)  Bexp(Bxi+Pxy,) }

ML explBr) XL expBm) (L exp(Bm)
ﬁ5kzzexp(ﬁxz)():1 1exp(Bx;)) — Bexp(Bxi + Box,)
(£, exp(B))’

B &, iexp(Bxi) (L, exp(Bxi)) — Bexp(Bxi + B, )

(EL exp(Bx))°
B iexp(Bxi+ Bxx,) (L) exp(Bx))?

(£ 1expwx,))“

. (B3, iexp(Bxi) (L1, exp(Bx1)) — Bexp(Bxi+Bxy,)] -2 (L, exp(Bxi)) exp(Bxx,)B
' (ZL_ exp(Bx))’
[35k2,exp(ﬁx,) 8 ﬁ5kl,exp(ﬁx,) +x_ﬁ5kl,'exp(ﬁxi+,3k2)
(X7 exp(Bxr)) (X exp(Bu) (Zlqzlexp(ﬁxl))z
_p l&qjﬁkziexp(ﬁxi)—|—5k2j5k1,~exp(ﬁx,-) ankliexp(ﬁxiJrﬁkz)

1 exp(Bx;) ! (Z‘leexp(ﬁxl))2

=&,

+ 8

+

<&,

<2B;

and, for k; = ko,

2,05) — exp(Bx;) 5 Biexp(Bxi) (L, exp(Bx1)) — Bexp(Bxi + Bxr)
%8x) = {Sk]):z L exp(Bx;) * (ZZ:] exp(ﬁml))2 }

10



T o) T exp(Bm) Y (EL exp(Brr)?
B &iexp(Bx;) (X7, exp(Bx;)) — Bexp(Bxi+ Bxx)
(X4, exp(Bxy)’
B &iexp(Bxi) (X, exp(Bx;)) — Bexp(Bxi+ Bxx)
(T 1€XP([3X1))2
i jﬁ&a exp(ﬁx, +Bxk)( I— 1exP(ﬁxl))2
(Zl 1exp(ﬁxl))

. [B&iexp(Bx;) (X7, exp(Bx;)) — Bexp(Bxi+ Bxe)] -2 (X7, exp(Bx;)) exp(Bxi) B

' (Zf, exp(Bx))*
_ _oPojexp(BxitPr)  Buexp(Bxi+ B

(X exp(Bx))> 7 (XL, exp(Bx))?
[B8iexp(Bxi) (L7, exp(Bx;)) — Bexp(Bxi+ Bxr)] -2 (X7, exp(Bx)) exp(Bxi)B
(XL, exp(B))*

Y { exp(Bxi) ﬁ&a exp(Bxi) _ Bexp(Bxi+Bxi) }

:5](]

+6kj

A

Buexp(Bi + p)
<pB (x/ (X7, exp(Bx;))? >

< B <2.
So,
1 1
E[g(m)] < ;+4ﬁ%2m m—1/q)° ]/ (1—1)dr
-2+ % | T Bl 1/ =1/g) |+ 2 Y=oy
4 1<i<j<q =
<L i4p Y Elm1/g)m—1/q)
4 1<i<j<q
1 W Wi
= 7’ +4ﬁ1<;quE {\/ﬁ \/ﬁ]
iz d Y EWw.

n1<i<j<q

q
We also know from (11), E[W;W;] = €(1) for all i and j. So,

Then we have

exp(prmi) ) —o(1).

Var(g(m) = 6(n™) = V(f'“zp(ﬁm

Now,

Z exp (Bm,) exp (Bm;)
" Z[ 1exp(ﬁml,) Z?:]exp(ﬁml)

1 o[ _expBmi)
Lo (z,tlexp (ﬁml,»)

, Var

L" ; M
\/,;I;S(G” )<Z?]exp(ﬁm1))1}

11

<4 max {Var
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<4 max { nVar

exp (Bm;;) exp (Bm;)
X7 exp (ﬁml,t)] e [z;;l exp (ﬁml)] } ‘

We know, from above, that

exp (Bm;) ]
nVar | —————| = O(1).
[ZLleXP(Bml) @
; eXP(ﬁmj,t)
Now consider nVar |:—Z;I_1 oxp( ﬁml,t):| . Note that
I ¢ . o(oy,j 6(oy,j
m]t ZS(O’k, —Zﬁ(ak,])_u=mj(o-)_ (o J).
i = n n

Now, if 0; = j, then §(0o;,/) =0 for all I # j, and

i exp(Bm;)exp (—%S(Gt,j)) v exp(Bm;)exp (—%)
— Var 5

S exp(Bm)exp (~£8(oi0) | | ELexp(Bm)+exp (Bm;— £) |

if o, =k # j, then 8(oy,l) =0 for all / # j, and

exp (Bm,s)

V: - - s
! Z;I=1 exp (ﬁml’t)

= Var

[ exp(Bmj)exp (—£(1.))

e Bm) ] v exp(Bm)) |
Y7 exp(Bmy) _Z;Izlexp(ﬁml)exp (—%5(0},1))_ _):;’#jexp(ﬁml)—i—exp (ﬁmk— %)_
So, we can see that,
exp (Bm;) [ exp (Bm;) ]
Var | —(7———F—— Var | —— ) 0.
ar Y exp (Bmy,) o r exp(Bm) ] " -

Therefore, by definition,

M| _ g (v 2O T) (5 (1)) 2o (1)
VST exp By |~ Y IS exo (B n n)
So,
ep(Bmy) |
nVar Z;Izlexp(ﬁml,t) (1).
Therefore,
B _ewbm) \]_

var Z o (Z[ 1€Xp (ﬁmlt) Z?zl exp(ﬁml)) - (4

Hence, by (9), (12),(13), and (14), we have
1
var (& (W] —w)v; ~ )1 5)) =0 ().
Then, it follows that (3) is in & (n’l/ 2), which then concludes the proof.
12
=4
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