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1 Prelude

1.1 Abstract

This project concerns the curves defined by one-dimensional subgroups of three-dimensional
unimodular Lie groups, equipped with a left Invariant metric. It is well known when these
curves are geodesics. This project studies the case where the curves are circles; i.e., they have
nonzero (constant) curvature and zero torsion. We find that such circles exist precisely when

the Ricci curvature has a particular signature.
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2 Introduction

Basically, the classical differential geometry of a curve is the study of local property of the
curve to determine the characteristic related to their neighbourhood. The Frenet formulas is
one of the most essential equations that use the curvature (k) and the torsion (7) to show the
relationship between the vector fields {7, N, B} and their derivatives.

Particularly, when the curvature (k) is non-zero constant and the torsion (7) is zero, the
curve is a (portion of a) circle (Nikolayevsky 2018). In this project, we will use the covariant
derivative Vx by the Koszul formula and the Frenet formulas for a left-invariant curve in a
3-dimensional metric Lie group to classify left-invariant circles which are not geodesics and

prove the following result.

Theorem 1. A three dimensional, unimodular, metric Lie group admits left-invariant circles

which are not geodesics if and only if the signature of its Ricci form is either (+,—,—) or

(0,0,—).

3 Preliminaries

3.1 Lie Group and Lie Algebra

A Lie group is a set g with two structures: g is a group and g is a smooth and real manifold.

These structures agree in the following sense: multiplication and inversion are smooth map
(Kirillov 2008).

A Lie algebra over a field of the real numbers P is a vector space g with a bi-linear operation
[]:gxg—g
The operation [.,.] is called the Lie bracket for g and satisfies the following properties:

e [.,.] is bi-linear.
[aX +bY,Z] = a[X, Z]| + b]Y, Z]
[Z,aX +bY] =al[Z, X] + b[Z,Y], for all elements X,Y,Z € g and for all a,b € P.

e Skew-symmetry

[X,Y] = —[Y, X] for all X,Y € g.



e Jacobi identity
(X, [V, Z]|+ Y, [Z, X]]+ [Z,[X,Y]] =0 for all XY, Z € g (Bordag 2015).

A Lie algebra g is called Abelian if [X,Y] = 0,for all X,Y € g (Bordag 2015).
Let (G, (,)) be a Lie group with a left-invariant metric. Then the diffeomorphisms L, : G —
G are isometries (Tumarkin n.d.).

The covariant derivative Vx is defined by the Koszul formula:

<VXY,Z>=%(([KY],Z)—([Y,Z],X>+<[Z,X]=Y>)- (1)

for all X,Y,Z € g (Milnor 1976).

3.2 Three-dimensional Unimodular Lie groups

For every element X of a Lie algebra g, we define the operator adx on g by adxY = [X,Y]. A
Lie algebra g is called unimodular if ¢r(adx) = 0, for all X € g (Milnor 1976).
Let g be a 3-dimensional, metric, unimodular Lie algebra. Then there is an orthonormal

basis {ey, €2, €3} for g such that
[61, 62] = A3€3, [63, 61] = Ao€a, [62, 63} = \ey,

where Aj, Ay, A3 € R (Milnor 1976, Lemma 4.1).
It is convenient to define numbers pu1, pa, g by the formula (Milnor 1976) :

1
Wi = 5()\1 + )\2 + /\3) - /\1.

By a theorem of Milnor, the orthonormal basis ey, es, e3 diagonalized the Ricci quadratic

form, the principle Ricci curvatures being given by:

r(e1) = 2paps, 7“(62) = 2pu1p3,  T(€3) = 2pu1 .

A three dimensional, unimodular, metric Lie group admits left-invariant circles which are
not geodesics if and only if the signature of its Ricci form is either (+, —, —) or (0,0, —) (Milnor

1976).



Signs of A;, A, Ag Associated Lie group

Description

+, +, + SU(2) or SO(3)
o+, +, — SL(2, R) or O(1, 2)
+,+,0 E(2)
+,—,0 E1,1)

+,0, 0 Heisenberg group
0, 0, 0 R®RAR

compact, simple
noncompact, simple
solvable
solvable
nilpotent

commutative

Figure 1: The signs of \;’s and Associated Lie group, (Milnor 1976)

3.3 Frenet formulas for Left-invariant curves

in 3-dim Lie groups

For each point on a curve of 3 dimensional space, the Frenet frame is formed by three orthogo-

nal unit vectors {7, N, B}. For a regular curve v(¢) in R®. Then for a smooth parametrisation,

we get
o _ (X)) <A B
Y1 1Y <Y1
_ Ay ety
I Il Xl
where

e T'is the unit tangent vector.

e N is the unit normal vector.

e B is the principle unit binormal vector.
e £ is the curvature.

e 7 is the torsion.

,y/ X ,y//

Y x|

1/

Moreover, the Frenet frame satisfies the following Frenet formulas:

T' = kN.
N' = —kT +7B.

B' = —7N.
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Figure 2: Frenet frame of a helix, (Nikolayevsky 2018)

e If k =0, the curve is a (portion of a) straight line (a geodesic).
e If Kk # 0, but 7 = 0, the curve is a (portion of a) circle.

Frenet formulas for a left-invariant curve in a 3-dimensional metric Lie group can be translated

to the level of Lie algebra as follows:

VX = EN. (2)
VN = —kT + 7B.

VxB = —7N.

where X # 0, X € g is the tangent vector to the curve, x is the curvature and 7 is the torsion

(defined when & # 0).

4
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From (2), we get:
VxVxX =VxkN

=kVxN

=k(—kX +71B)

= —k?X + k7B.
We need to calculate the cross product between VxVx X and X to find 7,
We have

(VxVxX)x X = (—k*X +kB) x X

=k7(B x X)

=T1kN

= TVXX.

4 The Proof of the Theorem

Let g be a 3-dimensional, metric, unimodular Lie algebra. Then there is an orthonormal basis

{e1, €9, e3} for g such that
[61, 62] = Ases, [63, 61] = \gey, [€2> 63] = \eq,

where Aj, Ay, A3 € R (Milnor 1976, Lemma 4.1).
To prove the theorem, we have to calculate the Torsion 7 by finding (VxVxX) x X and Vx X.
First, we need to find Vx.X.

From Koszul formular (1), we get for all X, 7 € g
1
= —(X, Z], X).
We have

(X, Z] = (x129 — maz1)[e1, e2] + (X125 — w321)[e1, e3] + (X225 — x329)[ea, €3]

= (20122 - 56221))\363 - (517123 - 33321))\262 + (110223 - 33322))\161,

NAMS|
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where X = z1e1 + 1069 + x3e3 and Z = z1e1 + 299 + 23€3.

We obtain
(VxX,Z) = —x1 M\ (2923 — 320) + wado(T123 — w321) — 3A3(T122 — T221)
= —X1XaM123 + T1T3 122 + T1T2 923 — ToX3 021 — X1X3A320 + TolzA121
= xow3(A3 — A2)z1 + x123( A1 — A3) 20 + 122(Ae — Ap)2s.
Therefore

VXX = .TQ.Z‘3()\3 — )\2)61 + .1'11'3(/\1 — )\3)62 + xlﬂ'}g(}\g — )\1)63 = kN. (3)

where x is the curvature and N is the unit principle normal vector.
Denote N = xN.

From equation (1), we have
~ 1 ~ ~ ~
Since
[X, N] = [2fw5(M — As) — whs(As — Ao)][er, €] + [2522(ha — M) — @5ws(Ag — No)][en, €]
+ [$%£L’1()\2 — )\1) — $§ZIJ1(}\1 — )\3)][62, 63]
= [23%.’173()\1 — )\3) — l’gxg()\g - )\2)])\363 + [(E%Z’Q()\z - )\1) - 37%25'2()\3 - )\2)])\262
—+ [33';371()\2 — )\1) — :c%xl()\l — )\3)]/\161.
This implies that
<[X, N], Z> = [l’%l‘;;()\l — )\3) — .’L'§$3()\3 — )\2)])\3Z3 + [1’%1’2()\2 — )\1) — $§$2()\3 — )\2)])\222
—+ [15‘%371()\2 — )\1) — ZE§$1(>\1 — )\3)])\121.
Moreover
[N, Z] = [Zzl‘gxg(/\g — )\2) — 2133'1.7}3()\1 — )\3)])\363 — [Z3.’172.T3()\3 — )\2) — lell‘g()\g — )\1)])\262
+ [Z3.’E1£L’3()\1 — )\3) — Zzl‘ll'z()\z — )\1)])\161.
So
<[N, Z], X> = [Zzl'zxg()\;; — )\2) — Zlel.Z'g()\l — )\3)])\3 — [Zgﬂi'g{b‘g()\g - )\2) - 2125‘1173()\2 - )\1)])\2

+ [2’31’%%3()\1 — )\3) — ZQ%%.’L'Q()\Q — )\1)])\1

NAMS|
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And

<[Z, X], N) = (leg — 22.'131))\3.'171.'1}2()\2 — )\1) — (211173 — Z3.’II1))\2.’1}1.’II3()\1 — )\3)
+ (221,'3 — 23$2))\1.’,U2$3()\3 — )\2)
== Zza?%l'l()\z — )\1))\3 — 2’21’%$2()\2 — )\1))\3 — Zl$1$§(>\1 — )\3))\2 + Zgl'%a?:;()\l — )\3))\2

+ ZQ.’L'Q.’I?%()\QJ, — )\2))\1 — 23.71'%%3()\3 — )\2))\1.
Therefore

(VxN,Z) = %[zl(:vla?%()q — M)A — 2122 (A — M)A F 222 (A — As)As
— 2125 A2 — M) Ao + 2571 ( Ay — A)A3 — 2125 (A — Az)\o)
+ zo(—2wo( Xy — M) Ao + 2223 ( A3 — A2)da — 2am3 (A3 — Ao) A3
+ 2225y — M)A — 2225 (Mg — M)A3 + 2222 (A3 — M)Ay
+ z3(2223( A1 — A3) Az — 25w3( A3 — A2) Az + 25x3( A3 — Ao) Ao
— 223N — A3) A + 2wz (A — A3)A2 — 2323 N3 — Aa)A1)].

This result implies

VN = %[(xlwg(()\g M = (s = Ae + O — M)

- (122(= O = M)h + O = Aa)hs — s — As)da)))en
+ ( (—(A2 = AD) A+ (A2 = AN — (A2 — A)A3)

T (2922 — 22)a — (A — Ao)ds + (g — A2)An)))en
(@251 = As)hs — (1 — Aa)A (Ot — Ag)ha)

- (225(= (s — Ma)As + (A — Aa)ho — (hs — Aa)A)) e,

Therefore, the i-th component of Vx(kN) equals

=T (132()\1 — )\z)()\z — )‘j + )\k) -+ .’L']zc()\k — )‘z)()\z — )\k + )\j)),

NAMS|
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where {7, j,k} = {1,2,3}.
The first component of (VxVxX x X) equals

5522333 [27 (A2 — A1) (A1 — Ao — A3) + 25( A3 — A2) (A1 + Az — A3)]

1‘2963

[x 1()\1 A3)(=A1+ A2+ A3) + x%()\s — X)) (—=A1+ A2 — A3)]
o 1‘2133

I [301()\1 Ao — A3)( Ao — A1+ A — Ag) + x%()\s —X2)(A1+ A2 — A3)

— .’L'g()\g — )\2)(—>\1 + )\2 — )\3)]
= M[%%(Al — )\2 — )\3) + 111:2))(—)\1 — )\2 + /\3) + .’L‘g(—)\l + )\2 — )\3)]

The second component of (VxVxX x X) equals

T1X3

5 [23 (A1 — A3) (= A1 + Ag + A3) + 25(A3 — Ag) (= A1 + Ao — A3)]

$1$3

[25(A2 = A1) (A1 = Aa + Ag) + 25 (A1 — As) (A1 — Aa + As))]

551963

[23( A1 — X2+ A3) (A3 + Ao — Aa + A1) + 2T (A1 — A3) (= A1 + Ao + Ag)

- 373()\1 = A3) (= A1 = A2+ A3))]

AL — A
= W[ﬁ()\l — )\2 + )\3) + 1‘%(—)\1 + /\2 + )\3) + .’13:2))()\1 + )\2 — )\3)]

The third component of (V,VxX x X) equals

T1T2

B [37%()\2 — )\1)()\1 — )\2 + )\3) —+ $§(>\1 — )\3)(—>\1 — )\2 = )\3)]
1T

= = [0 = M) = Aa = 29) + 2500 — Aa) (A + A2 = )]
$1IL'2

5 [25( A1+ Ao — A3)(As — A1 — Az + A2) + 25(Aa — A1) (A1 — Ao+ A3)

— x%()\z — )\1)()\1 - )\2 - )‘3)]
T122(Ao — A
- %[azi(h + A2 = Ag) 250 = A+ As) + 2T (= M+ A+ Ag))-

It follows that (VxVxX) x X =7V xX, where

P = J0) = SN A X)) = ) T =N (@)

To complete the proof, we need to find those X € g for which f(X) =0 and kN # 0. This is
because if kN = 0, it leads to x = 0 which is a straight line. Here f(X) is given in (4) and kN,

in (3). We consider several possible cases.

10
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e Case I: Mi =X =A3=«
This implies that kKN =0
Thus, there is no solution. We note that in this case, pu; = ps = pu3z = %oz, and so all

three principle Ricci curvatures are equal to }1042. Hence, the Ricci sign signature is either

(0,0,0) or (+,+,+).

e Case 2: Suppose of the \; are equal, and the third one is different.
Without loss of generality, let A\; = Ay = « and A3 = § where a # £.
Therefore, by (3)

KN = zo23(8 — )er + mizs(a — Bea,  f(X) = Bat + Bas + (2a — B)as = 0.

If B(2ac — B) > 0, then the cone f(X) is trivial (a single point X = 0), and so kN = 0.
Suppose f(2a— ) = 0. If § =0, then 25 —a # 0, and so the cone f(X) = 0 is the plane
x3 = 0. If 2a — 5 =0, then  # 0, and so the cone f(X) = 0 is the line x; = 25 = 0. In
both cases we have kN = 0.

Finally, if 8(2ac — 8) < 0, then the cone f(X) = 0 is a (non-trivial) circular cone in g. As
kN = 0 if and only if either 23 = 0 or 21 = x5 = 0, all the points on the cone f(X) =10
except for the origin X = 0 correspond to vectors generating non-geodesic circles in the
group G.

Note that in this case ;3 = s = %ﬁ, 3y = — %ﬁ, and so the principal Ricci curvatures
are vy = ry = %5(204 —pB), rs = iﬁQ. The Ricci signature cannot be (0,0, —), and it is

(=, —,+) exactly when (2a — ) < 0.

e Case 3: A\, A9, \3 are pairwise different.
This implies that kN = 0 if and only if at least two of the z;’s are zeros.
Therefore,

F(X) = i + poas + pzas = 0.

First suppose that all three u; are not zero. If they have the same sign, then the cone
f(X) = 0 is trivial. If two of the u; are positive, and the third one is negative (or vice
versa), then the cone f(X) = 0 is non-trivial excluding the vertex X = 0 and kN # 0.

This is because Ai, A2, A3 are pairwise different and X # 0.

11



Note that in this case, two of r;’s are negative and the third one is positive, which shows
that the Ricci signature is (—, —, +).

Now suppose that at least one of the p; is zero. Since \.s are different, so we have at
most 1 of u; = 0. The reason is that if there are 2 of y; = 0, 2 of p; are equal.

Without loss of generality, we can assume that puz = 0, so that A3 = Ay + A;. Note that
A1 # 0 and Ay # 0.

Thus,

1 1
p=S (At At d) =X and ==t At ) =M (5)

Therefore, py, po # 0 and f(X) = Xgz? + A3,
We have

o] + A3 =0

)\21}% = —)\11’3
A
2 1.2
ry = ——X
1 )\2 2
A
I = :i:( —)\—:)352

If A; and Ay have the same sign, then the cone f(X) = 0 is the line ;1 = x5 = 0, and so
kN =0 by (3).

Suppose A1\ < 0. Then, the equations x; = i(\/Ti—;)xg are the solution, which is the
union of 2 planes in R? excluding the line z; = 25 = 0.

Note that in this case, two of r;’s are zero and the third one is negative, which shows that

the Ricci signature is (0,0, —).

This completes the proof of the Theorem.

5 Conclusion

It has been shown that the Frenet formulas and the covariant derivative Vx by the Koszul

formula plays a vital role for the proof of the Theorem. Different properties between \;’s result

in different Ricci sign signatures; however, when the signature of Ricci form is either (4, —, —)

12
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or (0,0,—), the curve is left-invariant circle which is not geodesic for a three dimensional,

unimodular, metric lie group.
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