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Abstract

In this paper, we study a class of simple bilevel optimisation problem whose goal is to minimise a function
over the set of minimisers of another convex function over a compact and convex feasible region. Although
some methods have been developed to tackle this problem, they rely on projections onto the feasible region
which, for some applications is computationally expensive or intractable. In addition, adapting work of Braun
et al, we provide an analysis using a relaxed linear optimisation oracle, which can ease the computational

burden further.

1 Introduction

1.1 Problem Description

Simple bilevel optimisation aims to minimise a function subject to a solution set of minimizing problem. Pre-
cisely, the set up of the problem is as follows:

min - fupper(2)
- M)

s.t. x € arg rznelgl Siower(2),
where S is a compact and convex set and figwer, fupper : R™ +— R are continuously differentiable functions on S.
In this paper, the fiower 1S assumed to be convex but strong convexity is not a must so that the set of minimisers
of lower level optimisation problem may be different from a singleton.
Practically, simple bilevel optimisation plays a critical role in various applications such as hyper-parameter
optimization, meta-learning, deep reinforcement learning as mentioned by Liu et al. [12]. Furthermore, as the
big data is widely recognised and utilised, spending high computational resources for training statistical models

is inevitable. Therefore, a cost-effective algorithm for this class of optimisation problem should be developed.

1.2 Related Literature

Recently, Jiang et al. [9] developed an algorithm based on the Frank-Wolf algorithm or conditional gradient
(CG) method [4]. The key idea of Jiang et al is to approximate the solution set of the lower level problem
by adopting a cutting plan approach. However, their convergence analysis failed to establish a result that can
guarantee either the sequence or any subsequence of optimality gaps would converge to zero for both fiower and
fupper- In this case, it is possible that the sequence generated by the algorithm may converge to point which
does not belong to the exact solution of the simple bilevel optimisation problem.

Furthermore, even when the convergence issue is ignored, the most expensive step of the well-known con-
ditional gradient method [4] as well as CG-BiO method [9] is the linear optimisation problem which may be
expensive to compute if the feasible region is complex. To further relieve the computational burden, Braun et al.

[3] recommended a method called lazifying conditional gradient for single-level convex optimisation problems.



1.3 Contribution and Outline

As indicated above, we establish the convergence rate for both upper-level and lower-level problems and decrease

the computational expense from linear oracle. To be more specific, three primary goals of this paper are:

1. Firstly, we propose the adaptive conditional gradient-based bilevel optimisation (ACG-BiO) method based
on the study of Jiang et al. [9]. to establish the convergence rate of O(+), where K is number of
iterations, for both upper-level and lower-level problem under the assumptions of convexity and Lipschitz
differentiability for both upper-level and lower-level objective functions. Additionally, under Holderian

error bound Assumption 2, a more reliable convergence result can be achieved for the upper level.

2. Secondly, we introduce a relaxed version of ACG-BiO method, which is the relaxed adaptive condi-
tional gradient-based bilevel optimisation (RACG-BiO) method, by integrating the weak separation oracle
(LPsep) devised by Braun et al. [3] to replace the linear optimisation step. The key point of this oracle is
that data from past iterations can be reused without calling the linear optimisation. Furthermore, we also
prove that under the same assumptions as above, the same convergence rate for upper-level and lower-level

problems can be established.

3. Thirdly, we propose a modification for ACG-BiO method, which is the unbounded adaptive conditional
gradient-based bilevel optimisation (UACG-BiO) method, to relax the assumption of boundedness of
the feasible region S. Moreover, we prove that such adjustment can bring about a convergence rate of

O(1/K'~P) for any p € (0,1).

To convey those ideas, we will firstly go through some relevant concepts and properties in Section 2. In
the same section, some discussion about the foundation of this study, the conditional gradient (CG) method
[4] for solving single-level optimisation problem as well as the short-coming of the conditional gradient-based
bilevel optimization (CG-BiO) method [9] and the cost-effectiveness of the weak separation oracle [3] will be
discussed together with a motivating example of simple bilevel optimisation from regression. In Section 3, the
ACG-BiO method and its convergence analysis will be presented. Afterwards, the relaxed version of ACG-BiO
method and relevant convergence results will be shown in Section 4. Subsequently, the more generalized version
of ACG-BiO to allow unboundedness of feasible region is analysed in Section 5. Finally, the efficiency of the

proposed algorithm will be compared with CG-BiO method [9] via a numerical experiment in Section 6.

2 Preliminaries

2.1 Assumptions and Definitions

Definition 1. A set S C R” is called convex if for every a,b € S, we also have ta 4+ (1 — t)b € S, for every
0<t<1.



Definition 2. Given that S is a convex subset of R”, function f : S — R is convex if and only if
fAz+ (1 =Ny) <Af(x) + Q= A)f(y), Y,y € S,VA € [0,1]

Proposition 2.1 (Wright and Recht [16]). Given that S is a convexr subset of R™ and f : S — R is a

differentiable function, then f is convex if and only if

fy) = () +(Vf(2),y —a),Ye,y €5

Definition 3. Let || - || be an arbitrary norm on R™ and || - ||« be its dual norm. A function is Lipschitz over

some set S if and only if

1f(x) = FW)ll+ < Lllz —yl|,Vo,y € S.

Proposition 2.2 (Wright and Recht [16]). If a function f:S — R has Lipschitz gradient over S, then

F) < F(@) + (Vi @)y — ) + oy 2l o,y € S

The assumptions illustrated below will be used for convergence analysis of ACG-BiO method and the relaxed

version of ACG-BiO method in sections (3), (4).
Assumption 1. Let || - || be an arbitrary norm on R™ and || - ||« be its dual norm. We assume
1. S C R™ is convex and compact with diameter D, i.e, ||z — y|| < D,Vx,y € S.
2. flower is convex, continuously differentiable on S, and its gradient is Lipschitz with constant Liower-
3. fupper is convex, continuously differentiable on S, and its gradient is Lipschitz with constant Lypper-
Definition 4. 1. x7 := argminges fiower(Z)
2. x5 := argmin{ fupper (z)|z € X7}
3. fiower *= Milzes fiower(2)
4. fipper == min{ fupper(z)|z € X7}

Lemma 2.3. Under Assumption 1, x7 is non-empty, conver and compact. Therefore, x5 is also non-empty,

convez and compact.

Proof. Under Assumption 1, since S is compact and fiower iS continuous over S, fiower should have a minimum.
Therefore, x7 is nonempty. On the other hand, since x7 is a subset of S and x7 = flgvlver( fiwer), Which is the
pre-image of a closed set, it is bounded and relatively closed in S and in fact, it is compact since S is also closed.
Furthermore, for any v1,v2 € X7, fitwer < Jlower (A1 4+ (1 — A)v2) < Afiower (V1) + (1 = A) fiower (V2) = fifwer» VA €
[0,1]. Therefore, x7 is convex and compact. Following similar reasoning, x5 is also non-empty, convex and

compact. O



Although Assumption 1 is sufficient for us to establish some convergence guarantees for both lower and
upper objective functions, it will be shown later that fupper(2r) — fuppers Where x, is an output generated by
ACG-BiO method, may be negative, which means we may have superoptimal solution. Under that case, we
need some other assumptions to come up with a stronger convergence result for upper level objective function

and Holderian error bound turns out to be the solution.

Assumption 2. The function fiower satisfies Holderian error bound for some o > 0 and r > 1, i.e,

T
(0% .

— ( llnf* I’/ - IH) < flower(x) - fltjwer'
T ' eEXT

In fact, it is known that this condition holds generally when the function fiower is analytic and the feasible

region S is bounded [13] or when fiower is a piecewise convex polynomial and S is a polyhedron [11].

Theorem 2.4. Let {a,}, and {b,}, be two sequences of real numbers. Assume that {b,}, is a strictly monotone
and divergent sequence (i.e. strictly increasing and approaching oo , or strictly decreasing and approaching —oo)
and the following limit exists:

. Ap+1 — Qn
lim —

=1

then the limit:

2.2 Conditional Gradient Method

The conditional gradient (CG) method [4] can be used to solve the following problem:

min f(z)

zeS

under the following assumptions:
e S is convex, compact with diameter D.
e f is convex, continously differentiable over S.
e V[ is Lipschitz with constant L.

Different from any projection-based method such as projected gradient descent or its accelerated version fast
iterative shrinkage-thresholding algorithm [2], CG method [4] does not require the access to the projection oracle
onto S. Instead, it assumes that we can access to any linear minimisation oracle over S, which is generally less
expensive than projection. In fact, if S is a polyhedra then such oracle is reduced to a linear programming
problem. Turning to the method itself, the specific steps are shown in Algorithm 1.

In terms of convergence guarantee, it can be showed that CG method [4] can obtain a convergence rate of

O(1/K). Such claim is discussed in Theorem 2.5.



Algorithm 1: [Frank and Wolfe [4]] Conditional gradient method for single-level optimisation problem
(CG-BiO) .
Data: stepsizes {ay i

Result: sequence {z}
1 Initialize zg € S for kK =0,1,..., K do
2 Compute sy <+ arg minges(V f(zr), s)

3 Compute zp41 < T + ar(sy — Tk)

Theorem 2.5 (Frank and Wolfe [4]). Under stepsizes oy = k—?ﬂ,Wﬂ €N, let {zk}r=01

.....

generated by Algorithm 1, we have that

2LD?

OSf(xK)—f*§K+2,

where f* is the minimum of f over S.

2.3 Conditional Gradient-based Bilevel Optimization Method

Algorithm 2: [Jiang et al. [9]] Conditional gradient-based bilevel optimization (CG-BiO) .

Data: stepsizes {ay }, target accuaracies €1, €z > 0

Result: sequence {xy }x

=

Initialize xo € S such that 0 < fiower(70) — flower < 53

2 for k=0,1,..., K do

3 Compute sy < arg mingey, (V fupper (Zx), s) where

Xk = {5 € SV fiower (1), 5 — 1) < fiower (T0) = fiower (1)}
if (V fupper(®r), T — 5x) < €2 and (V fiower(Tk), Tk — 5x) < & then
5 return z; and STOP;

'
—

6 else

7 Compute xp41 + xf + ar(sp — zr);

Before examining the convergence results of Algorithm 2, it is not obvious that the sequence of regions {xx }
is non-empty at each iteration. Therefore, the validity of such sub linear minimisation problem can be ensured

by Theorem 2.6 proven in Jiang et al. [9].
Lemma 2.6 (Jiang et al. [9]). For any k € N, we have x} C x.

Along with Algorithm 2, Jiang et al. [9] came up with the following convergence guarantees under Assumption

1 for the sequence generated by the algorithm.



Theorem 2.7 (Jiang et al. [9]). Suppose that Assumption 1 holds, under stepsizes oy = %H,Vk e N, let

{zk}r=1,. K, which is the sequence generated by Algorithm 2, we have that

N 2Luppch2
fupper (IK) - fupper < Ki—I—Q
; 2Lipwer D? 1
flower(xK) - flower < [;7; + 561

From Theorem 2.7, when K approaches infinity, the optimality gap of fiower does not neccessarily converge
to 0 and therefore, it is possible that the sequence does not contain any accumulation point that is exact solution
of the simplie bilevel optimisation problem (1). One cause for this undesirable property is the approximation y
for x7 proposed by Jiang et al. [9] involves fiower (o). This allows the positive gap €; to appear in the optimality

gap of fiower in the convergence result.

2.4 Weak Separation Oracle

Algorithm 3: [Braun et al. [3]] Weak separation oracle - LPsepg(c, x, @, K).
Data: linear objective ¢ € R™, point = € S, accuracy K > 1, objective value ® > 0

Result: Either vertex y € S with (c,z —y) > &, or false : (c,z —z) < ® forall z € S
1 if there exists y € S cached with {c,x — y) > % then
2 return y;
3 else
4 y < argmin{(c, z)|z € S} (add to cache);

5 if (c,z —y) > & then

6 ‘ return y;
7 else
8 L return false

As claimed by Braun et al. [3], Algorithm 3 is much weaker than the approximate minimisation mentioned
in the study done by Jaggi [8]. Precisely, the primary idea of this relaxation is the allowance of storing previous
solutions and reusing them rather than calling for linear minimisation problem every iterations. In the worst
case, i.e when none of linear gap values evaluated at current iteration’s data and the previous solutions does
not have sufficient improvement as defined by ®, Algorithm 3, only has to call the linear minimisation in the

same manner as the standard conditional gradient method [4] does.

2.5 Motivating Example - Over-parameterized Regression

An example involved solving simple bi-level optimisation problem is over-parameterized regression. Rather
than unconstrainedly minimising the training loss function Liyain(3), which depends on the training data set

Dyyain, this type of regression restricts the coefficient parameter 8 over some conditions, which are represented



by some set S. In this paper, we adopt an example where S is {3 € RY|||B|l1 < A} for some A > 0. In
general, if the covariate matrix Xy, .i, fails to have its columns linearly independent, then we expect there are
multiple solutions for the over-parameterized problem. Despite having the same training loss, those solutions
do potentially bring different outcomes on the loss Lyajiq(8) of validation data set. Hence, it is natural for one
to consider minimising another objective function such as the loss over validation data set Dyajiq. As it is the

case, we have the following bilevel optimisation problem.

mﬁin Lyata(B)
(2)
s.t. B € argmin Lipain (£)-
€es
When the loss function is chosen to be convex and L-smooth, both the upper-level and lower-level objectives
are smooth and convex. Such situation is considered in a subproblem in hyperparameter selection problems

proposed by Gao et al. [5]

3 Adaptive Conditional Gradient-based Bilevel Optimisation Method

3.1 Proposed Method

Despite such short coming in convergence guarantees as discussed in Section 2.3, the idea of approximating
implicit feasible region by the cutting plane still plays critical role in our proposed algorithm. Indeed, rather
than using fiower(Zo) in the right hand side of the equation of the plane, which is fixed, we need something
more dynamic and adaptive to induce the optimality gap of fiower converge to 0 as K goes to infinity. Hence,
such goal can be achieve by introduing a sequence {f }x satisfying some properties, which will be discussed in

Theorem 3.7.

Algorithm 4: Adaptive conditional gradient-based bilevel optimisation method - ACG-BiO.
Data: stepsizes {ay }r, supports {8k} € R™ | residuals {vx }

Result: sequence {xy }
1 Initialize xg € S;
2 for k=0,1,..., K do
3 Compute s such that

<vfupper(xk)a Sk> S Sreri(ilnk<vfupper(xk)y S> + Yk

where X1,k = {3 €S | <vflower(xk)75 - :L'k> < 5/6 - flower(wk)};

4 Compute xpi1  xp + ap(sy — T);

Note that in the linear oracle step of Algorithm 4, only one option should be done throughout the process

and the second option can be considered as an approximation of the first option.



Before dicussing the convergence analysis of Algorithm 4, we will guarantee the appropriateness of the linear
minimisation step by proving that the sequence {x1 x}x is non-empty and in fact, convex and compact under

some restriction on supports.

Lemma 3.1. If the supports {fi}i satisfy
O S /Bkl - f]f)wer?v}{/i € N7

we have X7 C x1,%, for all k € N in Algorithm 4. Consequently, x1 i is nonempty, compact, and convez for all

k e N.

Proof. We have that for any z7 € x%, we have that (V fiower (1), 25 — k) < flower(2]) — flower (k) < Bk —
fiower (k). Therefore, 7 € x1,x, which implies x7 C x1,%. Eventually, the compactness and convexity of the

sequence can be justified by seeing that the closed half-planes are closed, convex and S is compact and convex

as well.

O]
3.2 Convergence Analysis
Lemma 3.2. Suppose that Assumption (1) holds, under stepsizes ay, = %4-2’ supports {Bx}i such that By >

fit wors and residuals {yi} such that v, > 0,Vk € N, let {x)}r=1,. K be the sequence generated by the algorithm
(4) we have that

LD?
0 S flower(mK> - flT)vver S > :

2 . N
K < <7’(6i—1 - flower) + i1

(K+ 1) i=1

Proof. We have that fiower(Zx+1) < flower (TK) + {V flower (TK ), T 11 — Tx) + L1°2‘”e" Tr11 —Tk||? and we also

obtain that (V fiower(TK ), Tx41 — Tx) = @ (V flower (TK ), 5K — k) < ax(Br — flower(k)). Hence, we have

Lower
flower(xK+1) S flower(xK) + aK<vflower($K)7 SK — :L'K> + 12

Lowerl)2
= flower(xK+1) < flower($K> + aK(BK - flower(xK)) + ITCV%(

afcllsk — k|

. N « LowerD2
= flower(mK+1> - flower < (1 - OéK)(flower(-rK) - flower) + OéK(/BK - flower) + ITQ%{
« K * 2 * 2Llowerl)Q
_ < — = 5 - (K +9)2
= flower(ajKJrl) flower - K+ Q(flower(xK) flower) T K+2 (BK flower) + (K + 2)2
§ . % LowerD2
= (K + 2)(K + ]-)[flower(xK+l) - flower] S (K + 1)K(flower(1'l() - flower) + 2(K + 1) (ﬁK - flower + 1[(4—2)
K .
. . « LowerD2Z
= (K + 1)K[flower($l() - flower] S 22 (l(ﬁil - flower) + ll—l-l)
i=1
K .
. 2 . « Llovverl)22
_ <= = B I
— flower(l‘K) flower = (K + 1)K Zz:; (l(ﬁz 1 flower) + i1 )
[
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Corollary 3.3. Suppose that Assumption (1) holds, under stepsizes oy = kiw’ supports {Br}r such that
Br > fiwers and residuals {yi} such that v, > 0,Yk € N, let {zr}r=1,. Kk be the sequence generated by the

algorithm (4), if B = fitwer then fiower(Tr) = fif vor-

Proof. By applying Theorem 2.4 for the right hand side of the last inequality, we have that if 5, — fif ., then

2 LlowerDZi
K1) KZ ( (Bt = Fiower) + z—i-—l)

2 Llowelr-D2 (K + 1)
li K+1 -
T KD (K+2)(K +1) — (K + DK [( DB = fiower) ¥ T
y Liower D?
= Jim [(/BK = frower) ;(—jiz] =0
By squeeze theorem, we have that
lim (flower(mK) - flt)wer) =0.
K—o0

OJ
Proposition 3.4. Suppose that Assumption (1) holds, under stepsizes oy = ki-g-w supports {Pr}r such that

Br > fiwers and residuals {vi} such that v, > 0,Yk € N, let {zk}r=1,. Kk be the sequence generated by the
algorithm (4) we have that

K .
. 2 . LupperD22
fupper(IL'K) - fupper < m ; (Z"Yi—l + ’L—i-—l .

Proof. We have that

(vfupper(xk)a Tk+1 — 13k> =Qk <V.fupper(mk)7 Sk — $k>
<ay (<Vfupper(xk) - wk> + 'Yk)

So”‘i( Jpper - fUPper(mk) + Fyk)v

for any x5 € x5. In addition, we have that

Lupper

2
Lupper D 2 2

= Fupper (@r+1) < Fapper(2) + O Fippor = Fuppen (@50) + 710) + T2

" K N 2 2L upperD?
= fupper("pK‘i‘l) ~ Jupper < K—_’_Q(fupper(wK) - upper) + K + 27K + (Kpj_eQ)Z

fupper(xK-i-l) S fupper(mK) + (Vfupper(xK)axK—l—l - IK) + ||-77K+1 - -’1:K||2

Similar to the proof of proposition (3.2), we have that

K .
* 2 . LupperDQ'L
Jupper(Tr) — Jupper < m ; (l’Yi—l + —ir1 )

O

Since |||Vfupper($)”* - ||vfupper(y)||*| < V() =Vl < Lupper||37 —yl|, the function ||Vfupper(37)”* is

continuous over S and since S is compact, there exists a maximum of this function over S.

NAMS|




Proposition 3.5. Suppose that Assumption (1) holds, under stepsizes ay, € (0,1), supports {Px}r such that
Br > fifwers and residuals {yi} such that v, > 0,Vk € N, let {xp}r=1,. .k be the sequence generated by the
algorithm (4), we have that if Assumption (2) also holds, then

. . Y
fupper(xK) - fupper > -G (a(flower(xK) - flower)) 7VK € N7

where G := maxzes ||V fupper (T)] «-

Proof. Under assumption (2), we have that

Sl

(0% T
;”xK - ’UK”T < flower(xK) - flt)wer — HfK - UK” < <a(flower(xK) - flt)wer)>

where vy, € argmingeyx [|2" — zx|. Thus, we have that

fupper(xK) - f::pper > fupper(xK) - fupper(UK) > <Vfupper(UK)axK - UK>

> = fupper (Vi) [l llzx — vkcl]

G (= frower (@10) = Fier))

3=

v

O

Corollary 3.6. Suppose that Assumption (1) and Assumption (2) hold, under stepsizes ay, = supports

2
E+27
{Bitr such that B, > fif ors B = fibwers and residuals {yi} such that v, > 0,y — 0,Vk € N, let {zg}r=1,. K

be the sequence generated by the algorithm (4), we have that

fupper (-’I?K) — fspper'

Theorem 3.7. Suppose that Assumption (1) holds, under stepsizes oy = supports By, such that 0 <

==k
B — fiwer < O (%) 0<% <0 (%) Vk €N, let {xp}tr=1,. K be the sequence generated by the algorithm (4)

we have that

" 1
fupper(xK) - fupper < 0 <K> )

1
flower(zK) - ff:)wer < 0 <K> )
and thus, {zr}r admits a subsequence that converges to a point in x5. In fact, any accumulation point of {xy }x

is a solution of problem (1). In addition, under assumption (2), we have

1\~
— K
(K) ],\7 eN,

and thus, fiower(Tx) — fifwer» fupper (TK) — Jopper = 0 as K — oo.

fupper(l‘K) - f:]‘pper 2 -0

Remark 3.1. In theorem (3.7), the sequence {0} satisfying the stated conditions can be generated by running

the conditional gradient method [4] for lower-level problem and obtain the sequence {yy } such that

2Llower-D2 1
0 < ower - t)wer S -, a é O 7 9
< frower(Yk) — fi — <k>

where ¢, is the smallest integer such that the right most inequality is true. Then, let Sk := fiower(yx), ¥k € N.

Similarly, the sequence {7} satisfying properties in Theorem 3.7 can be generated in the same way.

10



4 Application of LPsep to ACG-BiO Method

4.1 Proposed Method

Turning to the relaxed version of the adaptive conditional gradient-based bilevel optimisation method (5), the
RACG-BiO method, we adopt the same recursive rule for {®4}, as Braun et al. [3], which is described in
Algorithm 5. Noticably, there is no circumstances in which zj, is assigned to zr4+1 as in the lazy conditional
gradient algorithm due to the minor change discussed in the above paragraph. Indeed, such inconvenience
also comes from the fact although we can make the reasoning fupper(Zx+1) = fapper = fupper(Tx) = fipper <
(fupper (T ),z —x*) < Pk as Braun et al. [3] do in the negative call case as we can prove z* € 1 in the next
theorem, we cannot make the same estimate for flower. As it is the case, the update rule xgy1 < g+ g (sp—xk)

is a must for both positive and negative call to establish that both fiower(Zk) — fifwer a0d fupper(Zk) — fupper

must not strictly greater than ®;_1 for all positive integer k£ as in Theorem 4.2.

Algorithm 5: Relaxed adaptive conditional gradient-based bilevel optimisation method.

Data: stepsizes {ay }r, supports {8k }x, initial optimality gap ®o > 0, target accuaracies €1, ea > 0
Result: sequence {xy}x

1 Initialize xg € S;

2 for k=0,1,..., K do

3 Compute sy, < LPsep, , , (V fupper(Tk), Tk, i, 1), where

X1,k = {5 €S| (Vfiower(zk), s — k) < Bk — fiower(Tk)};

4 Compute zp41 + x + ar(sp — zk);

2 2
O+ L= Qg1
1+agy1

5 Compute ®p1q + , where L := max{Liower, Lupper };

Before jumping to the convergence analysis of Algorithm 5, Theorem 4.1 illustrates some properties of
sequence {®y} defined in Algorithm 5 as these properties will play central roles in proving important results

summarised in Theorem 4.2.

Proposition 4.1. When ay = Vk € N, the sequence {®y}r defined in the algorithm (5) satisfies the

k+2 ’

following inequalities

2LD?k . 3max{®y, LD?} vk € N*
(E+3)(k+4) — "~ k+3 ’
Proof. By substituting ay = =5 +2 to the recursive formula of {®y}x, we have that
B — k+2 n 2LD?
P kra N T (kr2)2
2LD%*(k + 3)

= (bt Ak + 3% = (k+3)(k+ 2P+ —

z+3

— (k+4)(k+3)®, =120, +2LD? Z

11
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Considering the left hand side inequality, we have that

k
(k+4)(k +3)®x > 2LD* Y "1
i=1

< (k+4)(k+3)®, > 2LD%k
— 3 2LD%k
FZ s )k +3)
Turning to the right inequality, we have that

k
(k -+ 4)(k + 8y < 12max{@, LD*} + 2max{®0, LD} 3" 3
i=1

= (k+4)(k +3)®; < 3max{®y, LD*}(k + 4)

3max{®,, LD?}

= 9, <
k= k+3

4.2 Convergence Analysis

Now, we have enough tools to establish some critical results which are summarized in the theorem (4.2).
Noticably, despite the relaxation of the linear oracle, we successfully maintain the suboptimal convergence rate

of O(+#) for both objective functions.

Theorem 4.2. Suppose that

®; > max{max{ fupper(x)|z € S} — min{ fupper(z)|z € S}, max{ fiower (z)|z € S} — min{ fiower ()| € S},

V0 < i < 4, and Assumption 1 hold, under stepsizes o = =, supports By such that 0 < B — fii o <

k:+
O (%) Vk €N, let {xk}r=1,. K be the sequence generated by the Algorithm 5 we have that

1
fupper(xK) upper <0 <E> )

1
flower(:cK) - flt)wer S 0 (E) )

and thus, {xy}x admits a subsequence that converges to a point in x%. In fact, any accumulation point of {xy

is a solution of problem (1). In addition, under Assumption 2, we have

I

1

Jupper(TK) = fapper = —O l<§> ] VK €N,

and thus, fiower(Tx) = flowers fupper (Tx) — fapper — 0 as K — oo.

Proof. We only prove that
N 1
fupper(xK) - fupper <0 (E) )

12
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since the remaining claim can be proved by using similar arguments in Theorem 3.7. To do so, we use induction
to prove that
fupper(xK)_f* <CI)K71,VK€N+

upper —
From the assumption with respect to ®¢, @1, o, P35, we have that the both inequalities are true for base
cases k = 1,2,3,4 and now we assume that such inequality is true up to £k = K > 4. Firstly, we consider the

case of positive call.

L
fupper($K+1) < fupper(xK) + <vfupper(IK)71'K+l - $K> + §||xK+1 - xKHQ

L
= fupper(xK+1) S fupper(xK) + aK<vfupper(xK)7sK - .TK> + a%(i”‘sl{ - (EKHz

LD? LD?
a%ﬁ@K,l—akfI)K—&— 9 Oé%(:(I)K

= fupper(xK+1) - f:pper S fupper(xK) - f::pper - akq)K +

Under the negative call, we have (V fupper(Tk ), sK) < (V fupper(Tk ), 2*) since z* € x7 C x1,5. Hence, we have

that
. LD? ,
fupper(IK-i-l) < fupper(xK) + OZK<V,fupper(lEK>71' - xK> + €77
* LD2 2
fupper(IK+1) < fupper(xK) + aK(fupper - fllppe!'(xK)) + 9 (0574
K 2LD? K+2 2L D?
upper —fa Siu er - fa S g 7§(b
f pp (‘TK+1) fupper K+2(f pp (‘TK) fupper)+ <K+2)2 K +4 K-1+ (K+2>2 K
Where the last inequality comes from
K 2L D? K 2L D? K+2 20LD?
—— P < —— P < D —_
Ko K P o =% & g K Y o SR 14 | T ® o
4LD? < 4 o — 3 S LD?
(K+22(K+4) ~ (K+2)(K+4) ! K=K 12

and the most right inequality can be sufficently justified by observing the following inequality, where the left
term is the lower bound of ®x 1, which we obtain in the Theorem 4.1.

2LD*(K —1) _ LD? K —5)
K13)(K+2) ~K+2 ° (K+2(K+3 - 07K =5

Besides, from Theorem 4.1, we have that ®x < O (%) Therefore, the claim is true. O

Remark 4.1. The assumption ®g, 1, P2, 3 > max{ fupper (z)|z € St—min{ fupper(x)|z € S}, max{ fiower(z)|z €
S}t —min{ fiower ()| € S} can be satisfied by appropriately setting ®q. Specifically, we should note the following

estimate for any = € S

flower(x) > flower(xo) + <vflower(zco)7CC - -T0>
> flower(xO) - valower(mO)H*”x - 'rO”

> flower(-rO) - valower($0)”*D =1ma.

Following the same reasoning, we also obtain

fupper(x) 2 fupper(xO) - ||vfupper($0)”*D = m27vx S S

13



In addition, we have that for all x € S

Llower ‘ |

flower(x) < flower(xO) + <vflowe1r($0)a-r - $0> + T — -770”2

Llower
S flower(x()) + ||Vflower(x())”*Hl' - $0|| + THx - £C0||2
Ll wer
< flower(-rO) + ||Vflower(x0)||*D + %DQ =M
Similarly, we have that fupper(®) < fupper(®0) + ||V fupper(%0)||«D + %DQ := M5,Vx € S. In the proof

of Theorem 4.1, we have the following estimate

120,

P> ———— VkeN
P k+4)(k+3)
By setting ®g such that
4
(I)O Z WmaX{Mg — TTLQ,Ml — ml},

we have the following consequences by noting that M; > max{ fiower(2)|z € S}, Mo > max{ fupper(2)|z € S}

and mq < min{ fiower(2)|2 € S}, mae < min{ fupper(2)|2 € S}

O3, By, &1, Dy > max{My — mo, My —mq}

= Py, D1, Py > max {max{ fupper(®)|z € S} — min{ fupper(@)|z € S}, max{ fiower(z)|z € S} — min{ fiower(z)|z € S}}

5 ACG-BiO Method under The Relaxation of The Boundedness of
Feasible Region

5.1 Proposed Method

In this section, we consider the feasible region S that is not necessarily bounded, closed and convex and we
assume in this section that the bilevel problem still has solutions over the feasible region S, which is possibly

unbounded.

Lemma 5.1. Let {Ag}x be a sequence of compact sets in R™ with diameters {ox }i such that Ay C Agy1,Vk € N
such that given any point a in R™, there exist some integer k, that Ay, contains a, then there exists ko € N such
that * € X1,k and f1 ), = flowers Yk > ko, where X1 is defined as in Algorithm 6, and f7, = min{ fiower (2)|2 €

SNAg}. Consequently, x1x is nonempty, closed, and convex for all k € N,k > k.

Proof. Under construction of {Ay}y, there exists ko € N such that oy, > /n|jzg — 2*| > ok,—1. In fact, it is
sufficient to set ko := [0~ (y/n||zo — 2*||)]. Therefore, z* € A(wo,0y,/v/n) and as a result, for every k > ko,
x* € SNA (zg, 0r/+/n). Furthermore, since { flower(Zx), 2* — k) < flower (*) — flower (k) < Bk — fiower (1), VK €
N, we have that 2* € x1%,Vk > ko. As a consequence, min{ fiower ()2 € SNA(z0, 0% /+/1)} = min{ fiower (z)|z €
S} for every k > ko, which implies that Ik = Jower: VE = ko. O

14



Algorithm 6: Unbounded adaptive conditional gradient-based bilevel optimisation method.

Data: stepsizes {ay }i, supports {3 }x, residuals {vx }x, regions {Ax}
Result: sequence {zy}
1 Initialize zg € S;

2 for k=0,1,...,K do

3 if x1.6 :={s € SNA(xg,06/v/1) : (V fiower(®k), s — k) < Bk — flower(k)} = 0 then
4 Compute si < xj
5 else
6 Compute si such that
<Vfupper(xk); Sk> é IGI;}II <vfupper(xk)7 S> + Yk
S 1,k
7 Compute xp11 + x + ap(sy — x);

5.2 Convergence Analysis

Proposition 5.2. Suppose that Assumption 1 holds, under stepsizes ay, = 1%—27 supports { B} such that By >
it wers and residuals {7y} such that v, > 0, regions {A}r satisfy conditions in Theorem 5.1, let {xy}r=1, K

be the sequence generated by Algorithm 6 we have that

0< fl (;(jK) — fl* < (/{20 + 1)k0[flower(xko) - flt;wer] LlowerUZZfL.> .

2 Ly .
(K+ 1)K + (K+ 1)K ; (Z<ﬁi1 - flower) + i+ 1

Proof. We have that fiower(Zx+1) < fiower (k) + {V flower (Tk ); Tx+1 — T ) + L“’% Tr 11— vk||? and we also

obtain that (V fiower (T ), Tx+1 — Ti) = Ok {V fiower (T ), Sk — k) < ax (Brx — flower (K )). Hence, we have

L
otadcllsie — wxc|?

Srower (Tr+1) < fiower(Tk) + @i (V flower (T ), Sk — T ) +

Ll W r0'2
= flower($K+1) S flower(xK) + OéK(BK - flower(-rK)) + %KO(%(

* * * Ll 02
= flower(xK—i-l) - flower < (1 - aK)(fIOWGY(xK) - flower) + OéK(ﬂK - flower) + %YKO[%{

2 2Llowero'%(

(BK - fl*ower) +

* K *
= flower(xK—i-l) - flower < 7(flower(xK) - flower) +

S K12 K +2 (K +2)2
2
= (K + 2)(K + 1)[f10wer(xK+1) - f1>'c<>wer] < (K + 1>K<flower(xK) - lewer) + 2(K + 1) <6K - flt;wer + %)

= (K + 1)K[f10W0r(xK) - flt)wcr] < (ko + 1)k0[f10W0r(xko) - flt)wcr}
K 2 .
Liower0;_ 11
+2 Z (2(511 - flt)wer) + loz:_ll)
i=ko+1

(k(] + ]-)k() [flower(‘rko) - flt)wer]
(K + 1)K

— flower(xK) - flTJWCI‘ S

ot 3 (s )
LUPi—-1 — Jiower - .
(K+ 1)K N i+1

15
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O

Corollary 5.3. Suppose that Assumption 1 holds, under stepsizes oy = kiﬂ, supports { Bk }r such that B >
fik wors ond residuals {vi} such that v, > 0, regions {Ay}y satisfy conditions in Theorem 5.1, let {xptr=1 K

be the sequence generated by Algorithm 6, if Br — fif e and 02 /k — 0 then fiower(Tx) = [ ver-
Proof. By applying Theorem 2.4, we have that if 8, — f7 ., and o7 /k — 0 then

2 .
L lowerO;_11?

Kh—I>noo K+1K Z ( ﬂl 1= flt)wer)'i_Tl_)

i=ko+1

2

i e e | (K DB~ fowe) +

Llowero-%((K + 1)
K+2

* Llowero-%{ _
hmoo [(5}{ — fiower) + K12 |~ 0

By squeeze theorem, we have that

lim (flower(xK) - flt)wer) =0.
K—o0

O

Proposition 5.4. Suppose that Assumption (1) holds, under stepsizes oy, = ,%2, supports {Br }r such that By, >
Ftwers and residuals {7y} such that v, > 0, regions {Ay}r satisfy conditions in Theorem 5.1, let {xk}r=1, K
be the sequence generated by the algorithm (6) we have that

K

* (ko + ].)k'() [fupper (xko) - f:pper] 2 . Luppergiz_li
fupper(iL‘K)_fupper— (K+1)K +(K+1)KZ 1Y 1+H—1 .

Proof. We have that

<vfupper(mk), Th41 — 33k> =0 <Vfupper(mk): Sk — Z’k>
<ay (<Vfupp8r(xk) - xk) + ’Yk)

<ak(fupper fupper(Tx) + V1),

for any x5 € x5. In addition, we have that

Lu er
fupper (T +1) < fupper(Tx) + (V fupper (TK): T 1 — TK) + %HxKH - zkl]?
* Luppergg( 2
= fupper(-rK—i-l) < fupper(mK) + aK(fupper - fupper(xK) + 'YK) + TOZK

* K * 2 2Luppero-%(
= fupper(xK-‘rl) — Jupper < K—_’_Z(fupper(xK) - upper) K+ 2'7K + (K T 2)

Similar to the proof of Theorem 3.2, we have that

(ko + l)k'O[fupper(xko) - X

iy 2 L o2 i
< upper] i~ upperT;_1 .
Fupper(x) = fupper < (K+1)K + (K +1)K ; (l% 1+ i+1

O
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Proposition 5.5. Suppose that Assumption 1 holds, under stepsizes ay, € (0,1), supports {8 }r such that B >
it wers and residuals {7y} such that v, > 0, regions {Ay}r satisfy conditions in Theorem 5.1, let {xk}r=1, K
be the sequence generated by Algorithm 6, we have that if Assumption 2 also holds, then VK > ko, K € N

Fupper(@i6) = Fiper = = (I fupper(30) 1« + 2L uppersc) | = (fiower (£1) = Fiwer)]|
- LUPPer [g(flower(xK) - fl»(;wer):l ’

Proof. Under assumption (2), we have that

S

Lan = vacl” < fiower @r) = Fiwer = 250 = 0l [ = (Fiower (01) = Fier)]
where vy, € argming e+ ||z" — zx||. Thus, we have that
Jupper (i) = fupper = fupper(Tx) = fupper (VE) > (V fupper (VK ), Tk — vK)
(Vfupper (VK ), 2k — V) = =V fupper (Vi) [ llz i — vl = = (IV fupper (@) s + Lupper |1 — v [Dl| 2 — vic||
= <Vfupper(UK)v$K —vEK) > _(”Vfupper(xo)”* + Lupper”xk — zol| + Luvper”mk —vkl)llrx — vkl

= (V fupper (VK ), Tre — Vi) > —(IV fupper (20) ||« + 2Lupper0k + Lupper |7k — v )|z — vE||

Therefore, we have that

3=

Fupper(@ic) = Fiper = = (I fupper(@0) |1« + 2Lupperrsc) |

(fiower (1) = firer)|
— Lypper [g(flower(xK) - flt)wer)] ‘

O

Corollary 5.6. Suppose that Assumption 1 and Assumption 2 hold, under stepsizes ay = ki-i-z’ supports { Bk }k
such that B, > fif vers Be = fiowers and residuals {yy} such that v, > 0,7, — 0, regions { Ay} satisfy conditions
in Theorem 5.1 and diameters {oy} such that J,%’Lr/k: — 0, Vk €N, let {x}r=1,. K be the sequence generated

by Algorithm 6, we have that

fupper (xK) — f:pper'

Theorem 5.7. Suppose that Assumption 1 holds, under stepsizes ax = 37, supports By such that 0 < By, —

e
min{ fiower ()2 € SN A(xo, 01/v/n)} < O(0}/k), if Xi # 0, residuals {vi}r such that v, < O (1), and regions
{Ar}r satisfy conditions in Theorem 5.1. For {x}r=1,. Kk be the sequence generated by Algorithm 6, then

VK > ko

).

Nl\)

g

a

fupper(wK) fupper S O (

ke

fiower (£1) — Fiower < O (
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In addition, under Assumption 2, we have that

1

24r\ r
fuppcr(l'K) - !jppcr > -0 [(02 > ] VK > ko, K €N,

Furthermore, if 0'12€+T/k — 0, then fiower(TK) — fifwers Supper (TK) — Jupper = 0 as K — o0.

Remark 5.1. To generate supports {0}« satisfy conditions in theorem (5.7), given an integer k, we run the CG
method [4] on fiower OVer xi,x for ¢ iterations and obtain yi € S such that

2 2
Fower) = 0 fior (D) € S0 Ao,/ v} < 28BS < o ().

Then, we set Bt := flower (Yk)-

6 Computational Experiment

6.1 Experiment Description and Data Preprocessing

In this section, we aim to solve a sparse linear regression problem on the Wikipedia Math Essential dataset
mentioned in the study conducted by Rozemberczki et al. [14]. Specifically, the data set consists of 731 attributes
including numerical variables only. In such case, we select the attribute ’0’, which is the daily number of visits
on page 'Mathematics’ as the response variable, which resulted in data matrix D € R"*¢ in which n = 1068
observations and d = 730 characteristics and an outcome vector y € R™. In details, 60 % of the dataset is
randomly assigned to training dataset (Xtrain, Ytrain), another 20 % of the dataset is chosen to be validation
dataset (Xyalid, Yvanid) and the test dataset (Xiest, Ytest )is made up of the final 20 % of the data set. In addition,
we also performed a division of 10 for every elements of D and y to avoid numerical instability.

As squared loss function is adopted, the lower level objective function is the training error fiower(8) =
%HXtrainB — Yirain||3, the upper-level objective function is the validation error fupper(8) = %HXvath — Yyalia||3
and the feasible region in this case is S = {8 € R?|||8]|1 < A} for A = 1 to induce sparsity in 3. The performance
of our training and validation procedure will be evaluated based on the test error %HXtestB — Ytest||3- These
statistics of ACG-BiO will be compared to those of CG-BiO [9], the minimal norm gradient (MNG) method
devised by Beck and Sabach [1], the bilevel gradient sequential averaging (BiG-SAM) method proposed by
Sabach and Shtern [15], and averaging iteratively regularized gradient (a-IRG) method by Kaushik and Yousefian

[10] to assess the efficiency.

6.2 Mathematical Formulation

With the above description, we have the following simple bilevel optimisation set up:

o

min = || Xvatid3 — Yvalid||3

BER: 2 3
X (3)

s.t. 6 S arg min ||Xtrain£ - ytrainH%y

€€R g1 <A 2
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Under this formulation, we have that S = Sy := {8 € R? | ||8]l1 < A} is convex and compact with a diameter

of D = \/2. Furthermore, we also have

vflower(ﬁ) = (Xtrain)T(XtrainB - ytrain) = D%flower(ﬁ) = (Xtrain)TXtrain = O,Vﬁ €S

Hence, fiower is a convex function over S. Similarly, we can see that fupper is also a convex function over S.

In addition, we also have

valower(ﬂl) - vflower(/B2)||2 = H(Xtrain)TXtrain(Bl - BZ)||2 < >\max ((Xtrain)TXtrain) ||(B1 - 52)”2

Thus, V fiower and V fypper are Lipschit-continuous with Ligwer = Amax ((Xtrain)TXtrain) and Lypper =
Amaz ((Xvalid)TXvalid) respectively. Therefore, both ACG-BiO and CG-BiO can be used to solve problem (3).

6.3 Implementation Details
6.3.1 Solving for optimal values.

To obtain the values of fj: .. and f; we solve the following two quadratic programming problems using

pper’
CVX [6] [7]:
1
i o Xrain — Ytrain 3
gel%}i 2” train8 — Ytrain||2 )
st 1Bl < A
and

. 1
/?é]and §||Xvalidﬁ — Yvatia|l3

st 1Bl < A (5)

%”Xtrainﬂ — Yurain[l3 < fower-
For all methods, we run them for no more than K = 5 x 10* iterations. Before, entering the primary method, we
would like to discuss a accelerated proximal gradient method known as the fast iterative shrinkage-thresholding
algorithm (FISTA) by Beck and Teboulle [2], which has convergence rate of O (1/K?) as it will be used in imple-
menting ACG-BiO method 4 and a projection oracle invented for this problem, which can save computational

cost as it does not require solving any quadratic programming problem.

6.3.2 Fast Iterative Shrinkage-Thresholding Algorithm

To begin with, FISTA [2] can tackle to following problem

min - f(z) = g(z) + h(2),

where g is a convex, differentiable function and h is a convex function. In addition, the proximal function with

respect to a function h and a step parameter t can be defined as follows:

. 1
prox, = ang win (g7lle <12+ 1) )
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Algorithm 7: [Beck and Teboulle [2]] Fast iterative shrinkage-thresholding algorithm (FISTA).
Data: stepsizes {ty}

Result: sequence {xy }
1 Initialize zg = z_1 € R";
2 fork=1,..., K do
3 Compute v < z_1 + % (Xp—1 — Tp—2);

a Compute z = prox, ,, (v —txVg(v));

Along the Algorithm 7, Beck and Teboulle [2] also came up with the following result for the convergence

guarantee for the method.

Theorem 6.1 (Beck and Teboulle [2]). Assuming that g is convex, L—smooth with L > 0, has an effective
domain of R™ while h is convez, and the proximal is easy to evaluate. Under the constant stepsizes tj, =t <
1/L,Vk € N, the sequence {xy}i, generated by Algorithm 7 satisfies the following estimate:

2

Haw) =17 = =55y

In this example, we observe that f := fiower With L := Ligwer > 0, and h := Ig, which is the indicator of the
convex feasible region S and therefore, is also convex. In this case, the proximal is reduced to be the projection

onto the set S, which will be discussed in the next section.

6.3.3 Projection Oracle

We devote this section to devise an inexpensive algorithm to solve exactly the following problem:

min |z — vl|2

e (6)
st |zl < A,

where v is a given vector in R?, and ) is a given non-negative number. To begin with, in case |[v||; < A, the

solution will be v itself. Therefore, we consider |[v||; > A. Under such case, we have the following minimisation

problem:
min - Vabs |3 "
st (1a,y) < A,
where v,ps is the vector such that [vaps]i = |vi],Vi=1,...,d.

Lemma 6.2. Let x% be the solution of the problem (6) and y* be the solution of problem (7) then we have:

[#7]; = sign (v;) [yT]:,Vi=1,...,d

20
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Algorithm 8: Projection oracle on set S-Projg, (v).

Data: vector v € R¢

Result: projection of v onto S

1 Set g := —1g;

2 Compute [ + dim(v);

3 if ||v|l;1 < A then

4 return v;

5 else

6 Compute vaps + ([v1], .-, Jva])T;

7 while [ > 0 do

8 Compute vaps + Projp, (Vabs);

9 Compute vector r composed by the indices of negative elements in g;
10 if there exists any non-positive element in vaps then
11 for i =1,...,dim(vas) do
12 if [vapbs)i < 0 then
13 gr, = 0;

14 end

15 Compute v,ps such that it contains only positive elements of the current v,ps;
16 Compute [ < dim(vabs);

17 else

18 for i =1,...,dim(vas) do

19 9r; = [Vabsli;

20 end

21 Compute Projg(v) < (gisign(vi),. .., gasign(vq));
22 Set [ :=0;

23 return Projg(v);

24 end

25 end

26 end

21
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Proof. Let z € R such that z; = sign (v;) [y*];,Vi = 1,...,d then [|z]l; = ||#"[|; < A. We have the following
estimate

lz = vll3 = [l27 —v]3

On the other hand, we have that

Iz = vll3 =l = 2(a*, o) + [Joll3 = 127 [* = 2lla* [2llvllz + ol = [lIz]2 = [[v]l2]?,
and since z;v; = (sign (v;)v;)[y"]; > 0,Vi =1,...,d, we have that
(z,0) = [zll2llvll2 = llz = vll2 = [l[zll2 = [|v]l2]
Hence, ||z —v||3 = |27 —v||3 = 2z = 2 +. O

Lemma 6.3. (15,y") =\

Proof. Assume (14,y7) < X and consider g(t) := (14, vabs + t(y™ — vaps)), we have that g is continuous over
[0,1] and ¢g(0)g(1) < O then there exists o € (0,1) such that g(ty) = 0. In that case, vabs +to(yT — vabs) belongs

to the feasible region of problem (7). Nevertheless, we have that
[[vabs + to(y™ — vabs) — vabs||3 = (t0)*ly* — vans|l3 < [ly™ — vans|l3,
which contradicts the definition of y*. O
Let P :={s € R!(1;,s) = A},l € N* and u := Projp, (vabs), then we have the following observation.
Lemma 6.4. For all ¢ € R,1 € N*, we have that
Proji(q) =

Proof. For all p € P, we have

l

d 2
lp—alf =Y i —af = 7 (_Zmi —pn) = 1(11,0) ~

i=1

The equalities happens when

A— (1,
@—p=...=q—p,(l,p =\ — pi:#

Using the above lemma, we have that
<U - vabs,p> =0,Ype Py = ”p - Uabs”% = ||p - u”% + ”u - Uabs”%-

Combining this fact with lemma 6.3, we have that problem (7) is equivalent to
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min - ly - ull3
* (8)

st. (Lg,y) = A,
It should be noted that any element in the projection on P, should have at least one positive compo-
nent. Without loss of generality, we assume that u has d <d positive components and such components are

{ui1,...,uy}. In that case, we have:
d d
)= (3] o
i=1 i=1
If d = d then y* = u. Otherwise, let w be a d’ vector such that its component is the positive components of u.

Lemma 6.5. Let y™T be the solution of the following problem:

min |y — wlf3
(9)
s.t. <1d'7y> < >‘7

then we have

++
Y
yt =
Oa-a)
Proof.
d , d , d yH 2
2
Iyt =ull3 =3 (Hi—w) + D (Hi—w) =y —wl3+ > (—w)’= —u
i=1 i=d' +1 i=d' +1 O(d—d/) 9
Hence, we have that
++
Y
Yyt =
Ota-a)

O

Thus, by noting that ||w||; > A we reduce a d dimensional problem to a d < d dimensional problem with

similar nature. Now, we are ready to introduce the projection oracle in algorithm (8).

Proposition 6.6. Algorithm (8) always ends either step 4 in at most d iterations of while loop and returns

Projg, (v) for allv € RY.

Proof. If |[v||y < A, then v is also Projg, (v) and algorithm (8) ends in step 4.

If |lv|li > A, then we will prove that else will happen in a finite amount of time. Assume that we are
in step 9 after an amount of time and we are facing situation where we have some non-positive elements in
current vector g. In that case, the update in step 13 is result of lemma (6.5) when we consider the minimisation
with smaller dimension and fill in the zero value for components of Projg, (v) corresponding to non-positive
components of v . Since there are some non-positive elements in g, the new [ in step 16 is strictly smaller than

[ before the update. As we note that the projection onto P, has at least one positive component for any [ > 0,
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and [ is always integer and decreases throughout time, it has to be that [ will never be 0 in step 16 and that
the algorithm (8) will enter step 17 in finite amount of time.

Note that as soon as we enter step 17, the components in « will either be 0 or —1 and the number of —1
components is exactly [. Since there are only positive element in v, and vaps € Py. Therefore, by filling the —1
components of g by components of va,s and applying lemma (6.2) as well as lemma (6.5), the returned vector

is exactly the projection of v onto S). O

6.3.4 Implementation of ACG-BiO Method

(4) mentioned in remark (3.1), we run FISTA [2] with step size t;; = 1/Liower Over 3K iterations. In addition, to
save the storing space, rather than storing the whole sequence, we only extract and utilise 35 over K iterations
since the this element satisfies all the conditions that {8k }x=01,... .,k —1 satisfy. Turning to the initial 8y, we set
Bo = Br. In constrast to the implementation of CG-BiO, we still stick with the stepsizes oy = 2/(k + 2) as

suggested in theorem (3.7). In addition, in each iteration, we need to solve the following sub-problem:

min - (V fupper(Br), 5)
st |ls]ls < A, (10)
(V frower (BK)s s = Br) < Bk — fiower (Br)-
As suggested by Jiang et al. [9], the above problem can be reformulated as a mere linear programming
problem by introducing the following variable transformation s := s — s_, where s,s_ € R}. In that case,

the problem is turned into:

r?n%ri (V fupper(Br), s+ — 5-)
sit. (Ln,s4) + (In,s5-) <A, (11)
<vflower(5k)75+ — 85— — ﬂk> S ﬂk - flower(ﬁk)-
6.3.5 Implementation of CG-BiO, MNG, BiG-SAM, and a-IRG method.

For these methods, we follow the same setup as recommended by Jiang et al. [9]. Below, we show the details of

the following methods: MNG, BiG-SAM, and a-IRG in algorithms (9), (10), and (11).
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Algorithm 9: [Beck and Sabach [1]] Minimal norm gradient (MNG) method.

Data: hyperparameter M > Ljoywer
Result: sequence {zy}

1 Initialize oy € R™;

2 for k=0,..., K—1do

3 Compute xp41  argmingeg,nw, fupper(x), where
n 3 2
Qr = {z e R"(Gum(zp), 2k — 2) > ——[IGm (i) |7}
4M
Wi ={z¢€ R™[{ fupper (Tk), 2 — k) > 0},

Gar(x) = M (x ~ Projg <x - ]é[Vﬁower(x))) .

Algorithm 10: [Sabach and Shtern [15]] Bilevel gradient sequential averaging (BiG-SAM) method.

Data: 7y < 2/Lyppers M2 < 1/Liower, Y > 0, {ag }r = {min{vy/k, 1} }4
Result: sequence {xy }
1 Initialize xo € R" for k =0,...,K — 1 do
2 Compute yi4+1 < Projg (zx — mV fiower(xx)) Compute 241 < 2 — 12V fupper (Tk);

3 Compute i1  app1264+1 + (1 — 1) Y1

Algorithm 11: [Kaushik and Yousefian [10]] Averaging iteratively regularized gradient (a-IRG)

method.

Data: stepsizes {7j }r, regularization parameters {ny }
Result: sequence {zy}
1 Initialize oy € R™;
2 fork=0,..., K—1do
3 L Compute g1 < Projg (2 — V& (V fiower (Tx) + 16V fupper (Tk)));
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6.4 Performance Comparison

| frower (Br) — fiower | fapper (Bk) — fapper! Test Error
100 E JR—
] — 10° 1
1071 |
T | P T ||
1073 A
1 1072
T T T T T T T T T T T T T T T T T T k T T T T T T T T T
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
k(x10%) k(x10%) k(x10%)
Figure a Figure b Figure c

From figure a and figure b, it can be seen that ACG-BiO converges faster than other methods despite some
overshoot at iteration 5000th. As mentioned in section (2), CG-BiO method does show some problems in terms
of convergence as after running 50,000 iterations, the optimality gap of fiower 0f CG-BiO method seems to stable
at around 0.001 rather than keeping decreasing as ACG-BiO method behaves. Turning to figure c, we observe
that ACG-BiO method achieves the smallest test error as compared to the others. Moreover, it should be noted
that the convergence of both fiower and fupper as K — 0o can be foreseen by the third claim in theorem (3.7).
Specifically, the fact that our fiower in this example satisfies assumption (2) relies on the following result , which

is originated from theorem 3.1 proven by Li [11].

Proposition 6.7. Let g : R™ — R be a convex polynomial function with degree d and P be a polyhedron in R™.
Let f := g+ Ip, then there exists T > 0 such that

dist (2, 71 ((=00,0) < 7 (I @) + [F@) ),
where [a] = max{a, 0}.
Lemma 6.8. Function fiower over feasible region Sy defined in problem (3) satisfies assumption (2).
Proof. By noting S defined in problem (3) is a polytope, considering function
g:RT SR

1

% _ *
’ maXzes flower(Z) (flower(l‘) flower) y

and applying the proposition (6.7), we have
. . 1
dist(z, x7) <7 (g(ac) + (g(m))z) ,Vr e S.
In addition, over Sy,0 < g(z) < 1, and thus, g(z) < (g(z))2,Vz € S. Hence, we have

dist(z, x7) < 27’(9(37))%,‘73: es

Nl

(maxzes flowcr(z))

o diSt(l‘, XT) S (flowcr(x) - flt)wer)E avx €S
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Method | Time (seconds)
ACG-BiO 2365.379

CG-BiO 2718.7925

MNG 2766.2252
BiG-SAM 30.7648
a-IRG 28.0632

Table 1: Time elapsed on running 50,000 iterations of ACG-BiO, CG-BiO, MNG, BiG-SAM, a-IRG.

max,ecgs flower(z)/ (2T2)
2

(diSt(I7XT))2 < flower(x) - fl*ower’vx €S.

O

It should be noted that while ACG-BiO only takes us around 2365.379 seconds to complete 50,000 iterations,
CG-BiO method and MNG method spend up to 2718.7925 seconds and 2766.2252 seconds doing the same thing
as shown in table (1). As expected from the short cut of projection step in BiG-SAM method and a-IRG method,
these two methods only take 30.7648 seconds and 28.0632 methods to run over 50,000 iterations. Nevertheless,
three methods MNG, BiG-SAM and a-IRG show poor convergence results.

7 Conclusion

In this paper, we proposed the ACG-BiO method and its variants which relax either the minimisation oracle
or the assumption of bounded feasible region to solve simple bilevel optimization problem with convex and
L-smooth objective funtions over convex and compact feasible region. Specifically, we proved ACG-BiO method
and its variant with the application of LPsep Braun et al. [3] can achieve the convergence rate of O(%) over K
iterations for both objective functions and its variant with possible unbounded feasible region converges with a
rate of O (%) for any p € (0,1). The numerical results also showed the superior performance of our method

compared to existing algorithms.
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