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1 Abstract

We study the Knizhnik-Zamolodchikov (KZ) functor, which maps rational Cherednik algebra
modules to Iwahori-Hecke algebra modules. We define a rational Cherednik algebra (RCA)
associated to a complex reflection group and prove an isomorphism result regarding a local-
isation of RCA. RCA modules and their horizontal sections are investigated, which are then
pushed across the KZ functor via monodromy to produce Hecke algebra modules. From there,

we compute examples of the KZ functor for cyclic groups and symmetric groups.

2 Introduction

Both rational Cherednik algebras and Iwahori-Hecke algebras are structures that appear exten-
sively in the study of representation theory. In [Gin+03], the KZ functor is introduced, which
maps RCA modules to Hecke algebra modules, allowing our knowledge about one structure to
help with the understanding of the other.

A complex reflection group W is generated by reflections and acts on a complex vector
space a*. Associated to T, we define a rational Cherednik algebra H (see [EM10]) in terms of
generators and relations. To allow certain denominators in the equations for later results, we
consider a localisation HO of the RCA. We reprove first a result from [Gril0] regarding relations
of generators, then an isomorphism between HC and D(a®) x W from [Gin+03], where a® is the
configuration space (see equation (43)). We then consider group representations of W, from
which we induce RCA modules and investigate conditions for their horizontal sections, leading
to systems of partial differential equations [Ram21]. RCA modules are mapped across the
KZ functor by calculating monodromy matrices, which produce corresponding Hecke modules.
Next, we explore explicit examples when W is a cyclic group or a symmetric group. In the
case of a cyclic group, we are able to fully solve the partial differential equations to obtain
horizontal sections and thus compute explicit parameters for the corresponding Hecke algebras

(see [RamO08]).
Statement of Authorship

This project topic was first proposed by Prof. Arun Ram and later conducted under the su-

pervision of Dr. Ting Xue and Prof. Ram. I also worked on this research in collaboration with
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another AMSI vacation scholar Haris Rao and his supervisor Dr. Yaping Yang. The theory
explored in this project was primarily developed in [Gin+03| and was presented by Prof. Ram
in a series of five lectures [Ram21]. Although this report does not include any new results, I
gained a better understanding of rational Cherednik algebras, KZ functor and related topics.
I also computed examples of the KZ functor for the cyclic and symmetric groups, first individ-
ually and then in discussion with Haris. I wrote this report, which was reviewed by Dr. Xue

and Prof. Ram.

3 Rational Cherednik algebras

3.1 Rational Cherednik algebras H

Let W be a complex reflection group (see Appendix A), acting on a complex vector space a*.
Let k€ C\{0} and ¢, € C be complex parameters, such that c,,-1 = ¢, for all reflections s € R
and we W.

The rational Cherednik algebra associated to W (see [EM10, Ch. 3 Prop. 3.2]) is the algebra
H generated by Ty, Yav, ty for pea*, AV e a and w e W with relations (46) and (47) from
symmetric algebras (see Appendix B), and

tuwn = tolw (1)

lwZy = Twplw,  TwYrv = Yurvle (2)

YTy = Tpyay + K(p, V) — Z cs{p, ol Mg, AV ). (3)
seR

3.2 Localisation of H

We may wish to rearrange (45') as

(1, 0y) = LT, (45")

Lo

To do so, we first need to allow the presence of z,, in the denominator. This motivates us
to consider the following localisation of the rational Cherednik algebra.

Let A = HseRl‘as.
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Let H° be the algebra generated by Ty, Yav, tw and for e a*, AV ea and w e W with
relations (46), (47) and (1)-(3) from H and

1 1
AL =xA=L (4)

Relation (3) describes how to interchange the order between yyv and z,. It may also be

useful to explore the relation between y,v and a polynomial in S(a*).

Propositon 1. [Gril0, Ch. 2 Prop. 2.3]
Let \V ea and feS(a*). Then

of f-sf
y)\vf:fy)\v"’"ia)\v _SEZI;CS«IS:)‘V) T, ts (5)
where % is a derwation of S(a*) determined by g% = (, AV) for p € a* and satisfies the

Leibniz rule 8{;{3) a)\vg + fa,\v

Proof. We will prove this using an induction on the degree of f.

Base case: Substitute (45”) in (3),

YTy = TpYav + H(/J'a )‘V) - Z CS(:U’a Ay )(a& )‘v>
seR

Ly~ Tsp
a)\v — SZI:{CS(CYS, AV)TtS.

BN + R

s

Inductive step:

yxe (f9) = (f9ur = (uav f = fyuav)g + f(yavg = gyav)

0 - 0 -
| T N V] [ B

seR As seR Qs

D) _ _
(aAfvg f&AV) ZCS(O‘S’AV>(Z—Sng+f2—8g)t$

seR Qs Qs

_9U9) C T o \Y) (fsg -sfsg+fg- fsg) "

Cs
\%
a)\ seR xas

8(fg) ZCS(()&S,)\\/)(fg_S(fg))ts

v
a)‘ seR Lo

S
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3.3 Another algebra D

In the definition of HO, relation (3) is relatively complicated. We will now define a very similar
algebra DY where we will introduce an analogous but simpler relation (8). To differentiate
between the two algebras, we will use the symbol J,v as a generator, in place of y,v.

Let a® be the configuration space (see equation (43)). Let D% :=D(a®) x W be the algebra
generated by z,, O\, t,, and + for pea*, \¥ € a and w € W with relations (46), (1), (4) and

8>\v+,yv = 8)\v + 87\/, ac)\v = Ca)\v, a)\va,yv = a,yva)\v (6)

and
twl',u = ZIfwMtw, twa/\v = 6w)\vtw (7)
8,\va = J/‘Ma)\v + (/,L, )\V> (8)

Observe that the definitions of the algebras HO and D° are very similar.

Propositon 2. [Gin+03, Ch. 5 Thm. 5.6] There exists an isomorphism ¢ between HO and DO,

where

¢:H° - D° 9)
Ly Ly (10)
I (11)
" H,@aw_se%csms,m%u—ts). (12)

Remark. Note that this isomorphism is not unique. In fact, one can easily replace the 1’ in
(12) by any arbitrary complex number A € C
!
Yav B> KO\ — ch(as,)\ )—(A-t,) (121
seR ',‘Uas

and the following proof would still hold.

Proof. Let the term Y. p c{a, )\V)%(l —ts) in (12) be denoted by T'. Tt is clear that an inverse
¢! exists with

¢~ (Ox) =K [ya + TT. (13)
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Since an inverse map exists, ¢ is bijective. It remains to check the relations still hold in
each algebra. It is clear to see that relations (46), (1) and (4) regarding x,, and t,, hold in both
algebras. Relations (47) and (6) also hold since ¢ as an algebra homomorphism is linear.

Moreover, T' is commutative with t,,:

1T =t ch(as,»)iu-ts)]

seR Os
1

= ch(as,)\v) tw(1—=1t)

seR wos
= ch(was,W)\v) (1 _twsw‘l)t’w

seR wag

1

= Z Cs(awsw‘l 5 )\V) (1 - twsw‘l)tw

wswleR Twa
=Tt,.

Then, in HO, relation (2) is preserved by ¢:

twy)\v = tw [Ha)\v - T]
= [/‘iaw)\v - T] tw

= Ywrv tw .

Similarly, relation (7) in D is preserved by ¢
Now we check relation (3) in HO still holds:

Yy, = (KON - Tz,

= KOwa, = Y Cs{a, )\V)xi(l —ts)z,

seR Qs

= ’i‘rﬂa»’ + H(:U'u >‘V) - Z Cs<as; >‘V> — - —ts]

seR | :L.a3 xas

= kx, Oy + K, AV) - Z cs{ag, \Y) L _ &ts + Mtsl
seR _xas xas ‘/I;as

= kx, Oy + K, AY) - Z cs{ag, \Y) ﬂ(1 —ts) + {1, aZ)ts]

seR | VO

=2, | KO\ = Y. cs(as,)\v)%(l —ts)] + R, AY) = Y es{as, N ), al Mt

seR (e seR

o T + LAY = 3 el ol Mo, AV,

selR
Similarly, relation (8) in D° also holds. O
5
&7
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4 RCA Modules

4.1 Inducing RCA modules from group representations

Let (E,7) be a representation of the complex reflection group W, where vector space F =
span{ey,...,eq} and m: W - GL(FE). The group representation can then induce a HO-module,
A(E)°, with the action of W described by 7

twej = m(w)e; (14)

and the action of S(a) be given by
y)\vej =0 (15)

forweW, \eaand je{l,..., d}.
Since no action of x, has been defined, any multiplication by z, will simply be added on.

As a result, an element of A(FE)° has the form

P =pi€1+ -+ Ppacq

where py1, -, pg € Clay,...,x,, A7

Note that with respect to (eq,...,eq), each t,, acts as a d x d matrix, with

ej = ;(tw)ijei- (16)

Recall that relations (2) and (3) in HO describes how to interchange the order among ,,,
yyv and t,,. Combined with (14) and (15), we have fully described the action of each generator
of HO on the module A(E)°.

4.2 Horizontal sections

Prop. 2 describes a mapping from dyv to an element of HO. Via (12), we obtain the corresponding
action of dyv on A(FE)Y.
The space of horizontal sections of A(E)° is

HS(A(E)) = {pe A(E)’ | Oywp=0 YA ca). (17)
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Propositon 3. [Ram21, Lec. 4 p. 4]
An element p = prey + -+ + pgeq € A(E)Y is a horizontal section if and only if

pi 1 d
— =k ¢ as,ﬁk ( -pi + Z(ts)ijpj) (18)
j=1

seR
forie{l,...,d} andke{l,...,n}.

Remark. If we were to use an alternative isomorphism described in (12') to compute the
corresponding action of Oyv, we will again need to replace ‘1’ by the complex number A in the
partial differential equations above
8]91 _ 1 d
Pt S o) (<A Sedon ). )
T seR Lasg J=1

Proof. Let p=pieq + -+ pgeq € A(E)°. p is a horizontal section if and only if
(9,\vp =0 VAea

— k! [y,\v + ) csfo, )\V)L(l - ts)]p =0 VAea (substituting (12) in Prop. 2)

seR Qs

AV s\ Qs -
<~y p+Zc ag, \V)—(1-ts)p=0 VA ea
x

seR Qs

PEEN Zy,\vp]e] + Z ch as,)\v)x—(l ts)pje; =0 VA ea

J=1 SERJ 1 as
; Op; ) Spj
= ZpgyxveﬁZH Le ZZcS ag NP iy
J=1 a/\ j=1seR s
d
£33 e A= (1 t)pje; =0 YAY e (using Prop. (1))
seR j=1 xas
@»mzd:ai ZZC o )\V>(py Spgt__(l t)p)e VAY €a
j=1 8)\\/ j=1seR s 5 xas xas J J
d 3pj y 1 d .
<~ HZ a)\vej: ZCS(QS’)\ >$_Z(pjtseﬂ_pjej) VAV ea
J=1 seR as j=1
& Ip; w1l & d .
<~ HZ NV €; = Z CS<CL/5, A >ZL'_ Z Dj Z(ts)ijei - Djt; VY €a.
j=1 seR as j=1 i=1

Take the coefficient of e; on both sides:

, d
— Iigf\)j/ = ch(as,)\v)i (ij(ts)ij _pi) Vie{l,...,d},\" ea

seR [e}

. d
= P ane) i(z (t)is - pz) ie{l, ..dbke{l,.. n}
oz} oy x =
O
7
=4
NYAMSI
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5 Hecke modules via monodromy

Equation (18) provides a system of partial differential equations. To fully specify the horizontal
sections of the RCA module we desire, initial conditions need to be given.
Let ag € a® be a basepoint in the configuration space. Let fi, fo,..., fqs € HS(A(E)?) be
horizontal sections with
fi(ao) = ;. (19)
These are the initial conditions for the partial differential equations in (18).

For each reflection s € R, the monodromy matriz Ts € End(FE) is given by

Ts_lej = tglfj(tsa0)7 (20)
ie.,
-1
| |
Ts = fl(tsao) ... fd(tsao) ts . (21)
| |
Recall the vector space E = span{ey,...,eq} is from the group representation of W, which

induces the RCA module A(FE)?. [Gin+03, Ch. 5 Th. 5.13] shows that the matrices T for s € R
satisfy the Hecke relations of a Hecke algebra of W. Hence, the vector space E can be viewed
as a Hecke module with generators T of the Hecke algebra acting by the matrices in (21) .

This process of mapping rational Cherednik algebra modules to Hecke algebra modules is

the KZ functor.

6 Type G(r,1,1)

Let W = {1,¢,...,t"1 | t" = 1}, which is a cyclic group of order r. W is a complex reflection
group acting on a one-dimensional complex vector space a* = span{e;} = C. (see Appendix A.5

for a detailed discussion on W.)

6.1 Rational Cherednik algebra

Let k e C\{0} and ¢y, ¢a, ..., ¢, € C. Since each element of the cyclic group is its own conjugacy

class, no pair of ¢; and ¢; has to be equal.
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Let A = [T/5} #a,. A localisation HO of the rational Cherednik algebra associated to the

cyclic group W is the algebra generated by z1,v1,11, % with relations

=1 (22)
A— = —A 1 23
A=A (23)
tiey = Coyty,  tyr = ¢t (24)
and

r—1
yiry =2y + k- Y clern, ) Yo, €t (25)

=1

1=
=T1Y1 t K- Z Clbl( b C ) (26)
!

r—1
=$1y1+f€—20l(1—gl)tl1- (27)

=1

Let D° be the algebra generated by 1,0, 1, % with relations
tyry = Cayty, 40y = (ot (28)
81371 = 56161 +1. (29)
Using Prop. (2), H = D0 via the mapping

r—1

Yy > KOy — ch—(l t 7). (30)

6.2 RCA modules

Let EW) = span{e;} with t1e; = (Je; for j € {0,1,...,7 = 1}. These are the irreducible repre-
sentations of G((r,1,1). We can also take the direct sum of these irreducible representations to
form the regular representation E = span{ey,...,e._1}.

Let A(E)° be the HO-module induced by E with action of W described above and y¢; = 0
for j€{0,...,r=1}.

In other words, ¢ acts on F = span{eg,e1,...,e,_1} by
(10 . 0 |

; 0¢ ... 0
i 0 0 .. (-1 )
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We can similarly define A(E())0 for the irreducible representations, with action given by the
1 x 1 matrix ¢ = [¢7].

Hence, an element of A(E)? has the form

P =Do€o+ "t Pro16r-1

and an element of A(E))% has the form

D =Dpj€j

where pg, -, pr_1 € Clzy, A71].

Using the mapping (30) between y; and 0y, we can also compute the action of d; on A(FE)°.
This leads to the following conditions for p = pye; + -+ + pgeq € A(E)° to be a horizontal section
using Prop. 3:

1

5pi 1 1 r-1 il
=K — “=1)pi=ki—pi 1
il ;:1 a(¢"-1)p P (31)

r—1
for i e {0,...,r—1} and k; = k1 Y ¢ ((* - 1).
=1

The general solutions to the above differential equation are
k;
pi = Cixl (32)

where C; € C.

6.3 Monodromy in a°

Fix a basepoint ag = jig € a® = C\{0}.
Let fo, fi,-.., fro1 € HS(A(E)?) with f;(ao) = e;. To find such f;, let f; = poeg+---+pr_1€,-1,
then

filao) = ¢;
rz_:pi(ao)ei =€j
i=0

r—1 )

aFie. = .
Z Ciag'e; = €;j
i=0

10
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Fori=1,...,r -1, the monodromy matrix 7; € End(FE) is given by
Tle; =t f;(t'ao)
=17 f;(C"ao)
i~k .
=t zao J(Czao)kjej
= C_”gz’c]e]
—  Tie; = (U ke, (33)
Hence, the monodromy matrix of E can be written as

C—koi
C(T’—l—kr—l)i
6.4 Hecke algebra and its modules
The Hecke algebra H,,; associated with a group of type G(r,1,1) is generated by T} with

(Th=qo)(Th —q1)(T1 = qr1) =0 (35)

for parameters qq, q1, ..., ¢-—1 € C.

Assume g; are all distinct, the simple H, ; ;-modules are
EY = span{e;}  with Tlegj) = gj€;

for 7€{0,1,...,7 =1} (see [Ram08, §1 Thm. 1.3]).

The direct sum of all simple modules also forms a module E = span{ey,...,e,_1}.

Consider the monodromy matrix 7; in (34) calculated in the previous section. Observe that

Ty with action on E given by Tie; = (U~kie; satisfies
r—1
[I(T-¢o*) =0 (36)
=0

11

NAMS|




2 VACATIONRESEARCH

2 SCHOLARSHIPS 2021-22

which is the Hecke relation when parameters ¢; = (075,

As a result, from the rational Cherednik algebra module A(E)°, we have indeed produced
a corresponding Hecke module £/ with the generator T of the Hecke algebra acting by Tie; =
CUke; for j=0,1,...,r-1.

If we map the RCA module A(E()0 across the KZ functor instead, then T} also has action
on EU) given by Tye; = (U-*)e;. This produces a simple module E) of H,;; with parameter

g = CU),

7 Type G(1,1,n)

Let W ={(s; |i=1,2...,n-1), where s; = (i, + 1), be a symmetric group of order n!. W
acts on a complex n-dimensional vector space a* = span{ey,...,e,} = C" via permutations of

coordinates. (see Appendix A.6 for a detailed discussion on W.)

7.1 Rational Cherednik algebra

Let ke C\{0} and ce C. Let A= [ (x;—x;).
1<i<j<n
We will use z; to denote z,, y; to denote Ye and ¢; to denote 2.
A localisation of the rational Cherednik algebra HP is the algebra generated by 1, ..., Zn,

Yi-o o Yns t1s- .., too1, and 1 with relations (46), (47), (1), (2), (4) and

Yili = XY+ K—C Z L(,5) (37)
J#i
YiZj = T;Y; + Ct(m-). (38)

7.2 RCA modules and horizontal sections

The irreducible representations of the symmetric group W are indexed by partitions of n. We
can also obtain other representations by taking the direct sum of the irreducible ones. From
each group representation E, we can then induce a RCA module A(E)O.

For each RCA module induced from group representation E = {ey,...,eq}, apply (3) to

12
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obtain the following conditions for p = piej + -+

8pz‘ -1
— =K C
ox k

forie{l,...,d} and ke {1,...,n}.

txk Tk — L

+paeq € A(E)° to be a horizontal section:

d
(—pi + Z(t(e,k))ijpj)
j=1

(39)

For instance, when n = 3, an irreducible representation of W is indexed by the partition

(2,1). This partition has two standard Young tableaux

1
2

3] 1

3

2]

. Hence, this

and

irreducible representation is of dimension two.

In this case, W acts by:

S1 =
0

N |—

) S9 =
-1

NI= MW

1
2

Then, using Proposition 3, an element p = pie; + paes in the induced RCA module is a

horizontal section if and only if the following partial differential equations are satisfied:

op _ ¢ 1 3 3

or,  klz - 563(_5291 ) apz)]

e[ e d]

gi; ) g _1’3i$‘1 (‘gpl_§p2)+ ixg(_gler%pZ)]
o~ e )
o[t i)

352 - _:Egixl(_ﬁpl Tap) g im(%pl } %m)] ‘

A Hecke algebra associated with a symmetric group of order n! is generated by T3, ..., T},_1
with relations

T =TT if]i-j|>2 (40)

LT T = Tin T (41)

(Ti-a)(Ti+q ") =0 (42)

13
<4
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for i,7 € {1,...,n -1} (see [Ram21, Lec. 5 p. 5-7]).
Unfortunately, we did not manage to solve these systems of partial differential equations to

obtain the parameters ¢; for the Hecke relations of symmetric groups.

8 Discussion and conclusion

Associated to a complex reflection group, a rational Cherednik algebra is defined and related
results are explored. Infinite dimensional RCA modules are then pushed across the KZ functor
by solving partial differential equations for horizontal sections and computing monodromy
matrices.

Overall, three pieces of information are passed into the definition of a rational Cherednik
algebra — a complex reflection group W, a vector space a* on which W acts and some complex
parameters k and ¢,. After mapping across the KZ functor, this data is manifested through the
relations of the corresponding Hecke algebra associated with W and its complex parameters g;.

In the example for cyclic groups, the resulting monodromy matrices are computed explicitly
and are verified to indeed produce Hecke modules. Although the example for symmetric groups
is also calculated, the systems of partial differential equations have not been solved, which could
be investigated further. I am also interested in exploring further properties of the rational
Cherednik algebras and Hecke algebras, and investigate the KZ functor for other types of

complex reflection groups in the future.
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Appendices

A Complex reflection groups
A.1 Complex reflections
Let a* be a C-vector space of dimension n.
a*:=span{ey,... €}
A linear transformation s € GL(a*) is a complex reflection if it fixes a hyperplane in a*, i.e.,
dim(a®) =n—-1, where a®={puea*|su=p}.

We call such hyperplane a® the reflecting hyperplane of s. If (e, e3, ..., e,) is a basis of a® and
oz € a* is an nonzero element orthogonal to a®, then with respect to the basis (s, e, €3, ..., €,),

the matrix of s is

ms 0 0
0 1 0
0 0 1

for some my € C. Since sa, = msa,, o is an eigenvector of s with non-trivial eigenvalue my.
Figure 1 offers a visual intuition for the definition of a complex reflection in a two-dimensional

complex vector space.

A.2 Complex reflection groups

A complex reflection group W acting on a complex vector space a* is a subgroup of GL(a*)
generated by the set of complex reflections it contains. Let R be the set of complex reflections

in W. Then, the set of reflecting hyperplanes of W is A= {a®| s € R},

The configuration space is

a’=a"- | o (43)
ase A
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ST / hyperplane H

Figure 1: Visualisation of a complex reflection s.

A.3 Dual vector space

Let the dual vector space of a* be a, consisting of linear maps AV : a* - C.

We define a pairing (, ) : a* x a > C in the usual way with (g, \Y) = A\V(u). We choose a
basis {€},..., €} of the dual vector space a so that (e;, €}) = d;; for all i,7 € {1,...,n}.

Given the action of W on a*, let the action on the dual vector space a be given by w\"(u) =
AV(wtp) for w e W, p e a*, AV € a. This can also be written in the pairing notation as
{1, wAY) = (w™tp, AV).

This is a valid group action since
v[wA ()] = oA (w™ )
=\ (w™ v )
=X ((vw)™p)

= (vw)A(p) Vpea

= v(wA’) = (vw)\".

Note that (wp, wAY) = (p, AV).

17
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A.4 More on eigenvectors of reflections

For each reflection s € R, choose an element o € a such that the kernel of a is the hyperplane
fixed by s, ie,

a’={pea®|{pai)=0}. (44)

Recall that we let a4 € a* be an eigenvector of s with non-trivial eigenvalue mg. For both

as and a, we are also free to choose up to any scalar multiple. Let us normalise oy and o

such that (ag,ay) =1-m;.

Lemma 1. [Gril0, Ch. 2 p. 8] If as € a* is an eigenvector of s with non-trivial eigenvalue mg

such that (o, ) =1 —my, then

sp=p—(u,al)as Yypea*. (45)

Proof. For the eigenvector oy, sas = msas = (1 - {ag, a))as.

Let (es,e3,...,€e,) be a basis of the hyperplane a*® fixed by s. Then, se; = e; = ; — (e;, a¥ Yo
since e; is in the kernel of ¥, which means oY (e;) = (e;, ) =0, for i =2,3,.

We have now shown (45) is true for all elements of the basis (ag,eq, €3, . .. ,en), and hence

it holds for all p € a*. O

Note that the converse is also true: If (45) holds, then substituting p = a5 gives sa; =
(1 - (as,a)))as. Since s only fixes a hyperplane, there exists ay such that (ags,ay) # 0. So as
is indeed an eigenvector of s with non-trivial eigenvalue my = 1 - (ay, ). Hence, we can used

(45) to find an eigenvector oy when computing examples.

A.5 Complex reflection groups of type G(r,1,1)

Let r € Z.o. A complex reflection group of type G(r,1,1) refers to a cyclic group of order r
W={l,t,....t7 [t =1}
acting on a complex vector space of dimension 1

a* = span{e; } = C.

18
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Let ¢ = e be a rth root of unity. Let the action of W on a* be given by te; = (e;. Then
for its dual vector space a = span{e{} = C, the action is te] = (~ef

For the cyclic group W, the set of reflections is R = {¢,¢2,...,t""'} since each ¢’ with non-
zero exponent fixes the origin, which is a hyperplane of dimension 0. Hence, the set of reflecting
hyperplanes is A = {{0}} and the configuration space is a® = a* — {0} = C\{0}. Clearly, the set
of reflections in W can generate the cyclic group, and thus W is indeed a complex reflection
group.

For each reflection s = t* € R, let us denote o, as o; and ay as « for the sake of clearer
notations. Since a® = {0} = {p e a* | (1, ¥) =0}, @) can be any non-zero element of C. We can
see that the choice here does not affect the RCA defined in section 6.1. For now, let us choose

a) = b;e} for some b; € C. Then, choose «; € a* to ensure sy = p1 — (p, o )as:

= p={p,af Yo
Ciﬂlfl = H1€1 — (/hbz')Oéi

(1 _gi)ﬁ
b; '

;=

A.6 Complex reflection groups of type G(1,1,n)
Let n € Zsg. A complex reflection group of type G(1,1,n) is a symmetric group of order n!
W={(s;|i=1,2...,n—1) where s; = (i,i+ 1)
acting on a complex vector space of dimension n
a’ =span{er,..., e, 2 C"

via permutations of coordinates.
Let the dual vector space be a = span{ey,... €e"}.
The set of reflections in W is R={(i,7) |1 <4< j <n}, since each (i,7) fixes a hyperplane

in which the i** component equals to the j** component.

alD = {p=(pr,... ) €0* | = i}

Hence, the set of reflecting hyperplanes of W is A = {a(®) | (i,5) € R}. All reflections in W

belong to the same conjugacy class since (4, ) = Sj-1°*+5i415iSi+1°*Sj-1-
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Using (44) and (45), we find that o ;) = €/ — €/ and a5 = € — €.

The configuration space is

a® = {p=(pm, - pn) €0° | iy # iy Vi # 5}

B Symmetric algebras

Let S(a*) be the symmetric algebra of a*, which is an algebra generated by z,, for € a* with
relations

Tpiy = Ty + Ty, Loy = CTy,  Tply = Tyly, (46)

for p,v e a*, ceC. For the simplicity of notation, let us write z; ==z, fori=1,...,n.
Similarly, let S(a) be the symmetric algebra of the dual a, which is an algebra generated

by yyv for AV € a with relations
Yy S YN T Yyvs Yeav = CYUAY,  Yavlyy = Yyvlav (47)

for A\Y,7V ea, ce C. We write y; =yev fori=1,...,n.

Note that we can now write (45) as

Tap = Ty = (11, @) Ta, - (45)
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