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1 Abstract

Entanglement harvesting is the process wherein two faraway particle detectors can become entangled simply by
interacting with the quantum vacuum in their separate spatial locations. In this work we investigate how the
entanglement harvesting process would appear to an observer moving at a constant velocity with respect to the
detectors. Our analysis shows that the speed of the observer does not affect whether or not an entangled state

is assigned to the detectors.

2 Introduction

The behaviour of quantum states under the influence of gravity is not well understood. Relativistic quantum
information (RQI) is a fairly new field of physics that uses information theory as a framework for investigating
phenomena that involve both quantum mechanics (QM) and general relativity (GR). For example, it has been
shown that spatially separated particle detectors can become entangled through local interactions with the
quantum vacuum - a phenomenon known as entanglement harvesting (Kerstjens and Martinez 2018). The
degree to which the detectors become entangled is dependent on the properties of the spacetime they exist in,
such as its curvature and expansion, hence entanglement harvesting provides a way of exploring the overlap of
QM and GR (Ver Steeg and Menicucci 2009).

Given the connection that entanglement harvesting provides between these two fields, one may wonder what
influence the effects of special relativity have on the process. Specifically, in this work we calculated the amount
of entanglement harvested by two point-like detectors as a function of their separation, interaction time, and
energy as would be observed in an inertial reference frame moving with respect to the detectors. What we found
is that the degree to which the detectors are entangled does not depend on the motion of the observer.

In achieving this result we explore the mathematical techniques that are used in current work on entangle-
ment harvesting, to which this report may serve as an introduction for an interested reader. We also calculate

the effect of using detectors that do not interact with the field in synchronicity.

3 Statement of Authorship

This report was wholly written by Angus Walsh under the supervision of A/Prof Nicolas Menicucci. The
background section on quantum mechanics covers standard knowledge in the field and in particular we have
drawn upon (Nielsen and Chuang 2010; Sakurai and Napolitano 2011) for reference. That entanglement could
be extracted from the quantum vacuum was first shown in (Reznik 2003). It was then shown that this process
could be used as a probe of spacetime curvature and expansion in (Ver Steeg and Menicucci 2009). The contour
integration methods used in this project are based on those used in (Nambu 2013). To our best knowledge
this is the first time that the calculation of entanglement harvesting from a moving reference frame and the

consideration of asynchronous switching leading to the Meijer-G function in equation (85) have been presented.
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4 Background: Quantum Mechanics

This section of the report is concerned with establishing the conceptual and mathematical prerequisites for
understanding the work done in this project. It should hopefully also serve as a brief introduction to quantum

mechanics for a reader who is unfamiliar with the field.

4.1 Representing Quantum States

In quantum mechanics a pure state is a state of maximal information about a physical system and is denoted by
a ket. Kets are written as |¢)) where 1) is a label that identifies the particular state. A pure state is a unit vector
in Hilbert space - a complex vector space with inner product. The Hilbert space of a system has a number of
dimensions equal to the number of possible outcomes in a particular measurement of the system. At this point
it is worthwhile introducing a simple but relevant example. A classical bit is one of two possible numbers {0, 1},

in contrast a quantum bit or ’qubit’ is a complex vector of dimension two and can be written as a column vector

) = | (1)
B

where o and 8 are complex numbers and the dot over the equals sign indicates that this representation is in
a particular basis. The real numbers |a|? and |3]? are the probabilities that when measured in this basis the
system will be found in the corresponding basis state. Because the measurement must have an outcome we have

|oa|? + |B8]? = 1. Every ket has an associated bra (¢| that is the Hermitian conjugate of the ket

The inner product of two states [t1) and |¢)5) is given by

Q2
(Wilve) = [af 5] 5| = Ciat BB 3)
2
and the outer product is
R e?) CYTOZQ ﬁTOQ
o) nl = || oz 1] = - (4)

B aifa Bif

Note that in general these operations are not commutative. A more general description of a quantum state is

given by the density matriz
p=">_ pilti) (Wil (5)

where p; are the probabilities of the system being in each pure state |1);), the hat is used to indicate that this

is an operator on the Hilbert space of the system. The density matrix is more general because it allows for
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the representation of mized states - states that contain less than maximal information. An example of a mixed

state is

12 0
p= # |v) (] . (6)
0 1/2

As indicated by the inequality this density matrix cannot correspond to a pure state.! The significance of a
mixed state is that it can only be used to make probabilistic predictions about measurements, whereas a pure

state predicts with certainty the outcome of a single measurement.

4.2 Entanglement and Negativity

What happens if we have multiple quantum systems that we want to describe? In the classical case there are
four possible arrangements of two bits, so in the quantum case our state vector should be four dimensional.
This relation is satisfied if the composite system is formed by taking the tensor product of the two sub-systems.

If we have two qubits in pure states then their combined state is

Qa2
a1 /32

1) ® |¢2) = ' (7)

Bros
B152

Composite quantum systems have a peculiar feature. Consider the following pure state of a two qubit system:

7# 191) © [¢2) (8)

= o O =

This state cannot be separated into pure states of each subsystem,? so we say that this is an entangled state.
Entangled pure states contain maximal information not about the individual subsystems but about the relation-
ship between them. In the density matrix representation there is a general procedure for separating composite

systems using the partial trace
pa=Trp(pa @ pp). )
Where
Trp(|4) (Al @ |B) (B]) = |4) (A| Tx(|B) (B]) = |4) (A| (B|B) . (10)

However if the composite system is entangled then the density matrices of the subsystems will be mixed states. It

is not always obvious by inspection that a particular state is entangled, but we can quantify the entanglement of

1For a pure state the off-diagonal terms imply that a8* = 0, but this requires that either « or 3 is zero - a contradiction because

the on-diagonal terms are both non-zero.
2Similar reasoning to the mixed state example shows that this state doesn’t fit the form of equation (7).
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a state is by calculating the negativity. The negativity of a density matrix is defined as the sum of the negative
eigenvalues of the partial transpose of the matrix. For the two qubit system that we will be considering, a

non-zero negativity is a sufficient condition for the qubits to be entangled.

4.3 Time Evolution and Pictures of Quantum Mechanics

In the Schrodinger picture of quantum mechanics state vectors evolve with time while the operators correspond-
ing to observable properties are constant. Given an initial state |¢g(¢)) the time dependent state is found by

applying the unitary time evolution operator U (t,to)

[Ws(8)) = U(t, to) [ (to)) = e~ [y (1)) (11)

In the above equation H is the time-independent Hamiltonian operator that defines the energy levels of the
system, the 'S’ subscript indicates that we are in the Schrodinger picture, and we have assumed units in which

the reduced Planck’s constant is equal to one. These dynamics obey the Schrodinger equation

o s(e) = Hs lus(0). (12)

In this work we are interested in the effect of a time-dependent interaction Hamiltonian of the form

Hs(t) = Hy + Vs(t). (13)

In order to handle this time-dependent observable we will work in what is known as the interaction picture. In

this picture both observables and states evolve with time. We define the interaction picture state to be

[r(t)) = ot s (1)) (14)
This obeys an equation of the same form as (12)
o (0) = Vi(6) (1), (15)
where
Vi(t) = et Vg (t)e ot (16)

In the interaction picture the time evolution operator is found using the Dyson series
Ult,t) =1 —i/ dty Vi (ty) — f/ dtl/ dtoT[Vi(t2), Vi(ty)] ZUO) (t,to), (17)
to

where T7[,] is the time-ordering operator that enforces t; > to.

5 Entanglement Harvesting in Flat Spacetime

5.1 Unruh-deWitt Detectors

We use a highly simplistic model of a particle detector known as an Unruh-deWitt detector that consists of a

qubit interacting with a scalar field (Kerstjens and Martinez 2018). We consider two of these qubits that both
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have the Schrodinger picture Hamiltonian

2 16) tel — lg) {al) =

: (18)

HS,qubit = 5627

where 67 is the Pauli-Z operator and € is the difference in energy between the excited state |e) and the ground

state |g). These qubits are separated by a distance L and are stationary with respect to each other. The

interaction between the qubits and the field is modelled with the interaction picture Hamiltonian

Vi) = D n(m)edk (i () (€76 + e 6y, (19)
ke{A,B}

where 7 is the proper time as measured in the reference frame stationary with respect to the detectors, ¢(x(7))
is the field operator as a function of the detector’s trajectory x(7), and 67 = |e) (g| and 6~ = |g) (e are the
raising and lowering operators for the qubit. n(7) is called the switching function and determines the strength
of the interaction as a function of time. The switching functions for the two detectors are both assumed to be
Gaussian with variance o so that the detectors can be considered ’on’ for o > |7], and ’off” otherwise. However
we do not require that the detectors turn on synchronously, so we allow for a delay, 7y, in the switching function

of one of the detectors giving

2 /5 2 2 /6 2
na(r) =moe” " 27, np(r) =nee” T2 (20)

where 79 is called the coupling constant.

5.2 Perturbative Solution

In the initial state of the system both of the qubits are in their ground states and the field is in its vacuum, or

minimum energy state, denoted |0). The density matrix prior to the interaction is therefore

po = lga) {9al ® lgB) (98] ©0) (0] (21)

After the interaction the system will have density matrix
p= Ut to)poU (¢, to)", (22)

where the time evolution operator is given by the Dyson series (17). Because this is an infinite power series the
problem appears intractable, however if the coupling constant is very small, 9 << 1, then we can approximate
the time evolution by only considering the first few terms in the expansion and obtain a perturbative solution.
We will consider up to second order in 1y and take the limits {5 — —oco and ¢ — oo so that

. o0 . 1 o0 T1 . N

O=1-i [ anvit) -5 [ an [ dnliitr). Vi) + 00), (23)

—o0 —o0 —oo

where we have written the time evolution in terms of the proper time of the detector. Using this approximation

we can then calculate the density matrix of the system after the interaction. (See the appendix for details.)

NAMSI



Using the partial trace to remove the state of the field, the state of the detectors after the interaction is

1-2A4 0 0 X*

. 0 A Eap O
Pdet = +0(n3), (24)

0 Epa A 0

X 0 0 0

where we have used basis vectors {|g4) |98),|ea) l9B),|94) leB),|ea) le)}. Up to second order in 7y the only
eigenvalue of the partial transpose of this matrix that can be negative is A — | X| so we define the negativity of

the state to be

N =|X| - A, (25)
where
A= /_ o:o dmy /_ O:o drona(T)na(m2)e ¥ =2 (0] g4 (x4 (1)) P a(x4(72)) |0) (26)
and
X = —2 /_ Z dr, /_ ; drama(m1)m (ra) 9 (0 daea (1)) (2 (72)) [0). o

Our goal now becomes the evaluation of these integrals. To do so we introduce the Wightman function

D (ta(m),xa(m)i tp(12), x5(72)) = (0] da(xa(m1))d5(x5(r2)) |0). (28)

For Minkowski spacetime the Wightman function is

-1

D¥(ta(m),xa(m1):tB(12),x8(12)) = 2[(a(m) =t (72) — ie)? — Ka(m) = x5()[2]’

(29)

where the variables t4, t5, x4 and xp are functions of the detectors’ proper time that depend on which reference
frame is assumed in the calculation (Peskin and Schroeder 1995). Of particular importance in this equation is
the e term. This is a positive constant that is arbitrarily small but non-zero. It has the effect of removing the
pole of the Wightman function away from the real axis and in doing so makes the above integrals computable.

After solving the integrals we take the limit e — 0F.

5.3 Special Relativity

Lets begin this section by reminding ourselves of the hypothetical setup and how it was analysed in prior work.
The two detectors are separated by a distance L and are stationary with respect to each other. In a reference
frame co-moving with the detectors the spacetime diagram showing the detector trajectories is shown in Figure

1. In the co-moving frame, indicated with primed variables, the detector trajectories are simply

ty=r,

!

a=0,
ty =T, zy = L. 31
B B




Figure 1: Spacetime diagram in a reference frame co-moving with the detectors. The vertical axis is time scaled
by the speed of light, and the horizontal axis is distance. Dashed black lines form the light cones. The detector
trajectories are shown in blue and red and are spaced a distance L apart. The black dots indicate the point in

time around which the switching function is centered.

Using these variables the Wightman function is

D+(t£4(7—1)7xf4(7-1);t/B(T2)7x/B(T2)) = 471_2[(7_1 — T —ZTE])-Q — |X1 — X2|2]’ (32)

and this is the form used in prior work on entanglement harvesting (Ver Steeg and Menicucci 2009). However in
this work we want to describe the process from a reference frame moving at an arbitrary (sub-luminal) velocity
v in the positive = direction, that we will refer to as the lab frame. To reformulate the problem in the lab frame
we need to apply the Lorentz transformations. These are the appropriate coordinate transformations according

to special relativity, and using them to represent the detector frame in terms of lab frame variables we have
ct’ = y(ct — Bz), (33)
z' = y(xz — Bet), (34)
where c is the speed of light, 8 = v/c and v = (1 — 32)~'/2. The inverse transformation is then
ct = y(ct' + pa'), (35)
x =y(a' + Bct’). (36)
To simplify this we assume units in which ¢ = 1 giving
t=~(t' + Ba’), (37)
x =z’ + Bt'). (38)

Substituting the detector frame trajectories into these equations we obtain

ta(r) =, xa(T) = By, (39)

tp(1) =~(r+BL),  wp(r)=~(L+ 7). (40)




Note that at 7 =0, t4 = 0 but t5 # 0. This means that even if the detectors were switched on simultaneously
in the detector frame, this will not be the case in the lab frame. This is because Lorentz transformations do
not preserve simultaneity. This can be seen in the lab frame spacetime diagram in Figure 2.

ct

Figure 2: Spacetime diagram in a reference frame moving at constant velocity with respect to the detectors.
The vertical axis is time scaled by the speed of light, and the horizontal axis is distance. Dashed black lines
form the light cones. The detector trajectories are shown in blue and red. The black dots indicate the point in

time around which the switching function is centered.

The Wightman function in the lab frame is therefore

-1
D (ta(m1),xa(11);tp(1),xp(12)) = , . 41
() xaln)ite () xo(2)) = faon =5, —iep —1vm - Bvmld ()
5.4 Contour Integration
In the calculation of the integrals (26) and (27) we will use the variable substitutions
x = (1 + m2)/20, y= (1 —m)/20. (42)
We will also make use of the Fourier transform identity
—z? > —z? —iwax —w?/4
Fle ™™} = dre " e = /me . (43)

An important note: because ¢ is arbitrarily small and we will take the limit ¢ — 0T after integration we will

use terms such as € and €/o interchangeably. Starting with the A integral we have

o0 o0 —iQ(Tl—T2)
A=-—n2 [ d drye= (i) /20 c 44
o /_oo m /—oo e Am2[(yr — o —i€)? — |Bym — Bymal?] (44)

we then apply the change of variables (42 ) to obtain

2 —iQo‘Zy
d d _
871'2 / ve / ye: —i€)? — 32y?
—on‘
"o \/_ v® 2y (45)

= T2y _oodye (v i07 — F5°




where we have immediately evaluated the = integral. We then recognise e~¥" €292y a5 the Fourier transform

of a time-shifted Gaussian

eV 102y % /00 dke_(k+”m2€2iky, (46)
giving us
/ dke~ (FHo)* / dy;ky. (47)
871'2 —ie)? — f2y?
The y-integrand has poles at
i€

Because 1 > > 0 both of these poles are on the positive half of the imaginary axis, they are also both simple

poles. To make the process of finding residues easier we use the partial fraction decomposition

1 1 - 1
(y—ie2 -2 2p[(1— By —ic]  2yBl(1+ By —id’

we then split the k integral into positive and negative regions

2 [e%S) [e%S) 2iky 0 e8] szy
- Ul —(k+0Q)? ¢ —(k+0Q)?
A__87r272[/o ke 0 /_mdy(y—iE)Q—ﬁQszr/ ke (17 /oody —i€)? — B2y? ]
2 o e8] 2iky o] —27,ky
M ~(kto0)? / e / —(k—002)? /
. [ /O dke et e i 5| (650)

Breaking this down into workable pieces we first look at the integral

e szy
I (51

We can evaluate this integral by considering a contour consisting of two curves, the first being a straight line

(49)

along the real line from —R to R, and the second being a semi-circular arc from R to —R in the upper half of
the complex plane so that the contour encloses the two poles as shown in Figure (3). In the limit R — oo the
straight segment is equivalent to the above integral while by Jordan’s lemma the arc segment will go to zero

because of the exponential in the integrand. Then applying the residue theorem

e8] e2iky
dy———————-— =27l Resy, 52
[ =gy 2 Resy ®2)
where the residues are
i€ 2iky eZiky i
Res; = lim ] = — ¢ 2ke/(148)
=t 0 ) Ay mA =i~ 2
i€ szy e2iky —
Res; = lim — — — —] = — 2ke/(1=P) 53
2=, 0 ) =y =i mA S A= 2 (58)
We then apply the same process to the integral
e e—2iky
[ i

10



Im(y)

Figure 3: Contours used in the calculation of the local term A. The upper path is taken when k& > 0 and the

lower when k < 0. Poles are indicated by the red stars.

however because in this case the argument of the exponential is negative, for the function to be bounded the
contour must have a semi-circular arc in the lower half of the complex plane. This means that the contour will

enclose no poles, so the above integral is zero. Putting this together we now have

2 [e%¢) . .
—__"o_ —(k+oQ)?g i L —2ke/(14+8) _ ' 2ke/(1-B)
S22 [/0 dke 27rz[2ﬂ€e 25 ]] (55)

Taking the limit € — 0™ and evaluating the integral

2 —c20? _
s 1720 2[27r(e \/EZQErfc[UQ])], (56)
8my 1-58

where Erfc is the complementary error function defined as

Erfe(z) = %/z e~ dt, (57)
but by definition
(-5 =1, (58)
s0
772 292
A= ﬁ(e“7 — VmoQErfc[oQ)). (59)

In the X integral the time delay in the switching of one detector is relevant, we have

2 2 2/ 2 2 /0 2 2
e i /20 6—7'2/20 6—7'0/20- 67-07-1/0 ezQ(rl+7-2)

X =2 2/ dr / ' dr - .
) ) A (v — v — ABL — i€)2 — (vBT — BT — YL)?]

11



Applying the change of variables (42)

1
16m272((y — BL/20 —i€)* — (By — L/20)?]’

note that the requirement that 5 < 7 translates to y > 0 in the new variables, so the second integral is over

X = 47736_7-3/202/ (61)

o0
dme—ax;2 erow/aeﬂaﬂz / dye—y2 eroy/a
—00 0

the positive real line. We then complete the squares in the exponentials using

e_x2+x7_0/a _ e_w2+x70/ae_(70/20)26(7-0/20)2 _ e—(a:—To/Qo')ze(TO/QO')?. (62)
This gives
X — 472 /Oo d —(z—70/20)? Ji20Qx /oo d —(y—m0/20)* 1 (63)
= 4ng . xTe e ) ye 167r272[(y—BL/20—26)2 _ (ﬂy—L/20)2]

The z integral is now the Fourier transform of a time-shifted Gaussian so we can evaluate it immediately

) o0 1

X =4 2 _iToQd —(09)2 / d —(9—70/20)2 . 64
eI ) e 1677y~ pLf2o — P — By — L2y Y

We then substitute the y integrand as the Fourier transform of a frequency-shifted Gaussian
6—(y—7’g/2cr)2 — L /00 dke—kze—'L'ls:To/n:re2ik:y7 (65)

VT o
in doing so we end up with
2 [es) e8] 2iky

_ o iToQ ,—(0Q2)? / dk —K? —ikro/a/ d € 66
iyt e o Mu—pLs—ir—Gy—Liay]

€

1+8°

Note that the integrand only has one pole for R(y) > 0 at y = % +1 The residue of this simple pole can

be calculated as follows

ik(L+LB+2ico)

Res— lim  [y— (o +im )l S -~ T e
O it T 20 T 3y = BL/20 —ie)? — (By — L/20)2' T L— LB - 2ifea’
which for € — 07 is equal to
ikL/o
e (68)
L(1-p?)
We then split the k integral for positive and negative values
2 o0 o0 2iky
_n —(Q0)? / —k? —ikTo/cr/ €
X = dk d
an?y2¢ [ o 0 f o ly—PBLf20 —ie)? — (By - L/20)?
0 22 ko 00 e2iky
-l-/ dke™ " e RO "/ d - , 69
. o M= BL/2— i = By~ Lj2o)" (09

and we will evaluate the y integrals using a different contour in each case. When k is positive we consider a
contour consisting of three segments: a straight line along the positive real axis from 0 to R, a quarter circle
arc from R to iR, and a straight line along the positive imaginary axis from iR to 0 as shown in Figure (4).

This contour encloses the pole considered above so by the residue theorem we have

ikL/o

dy = d d dy = 2mi—— 7

) gwdv= [y [ swdre [ sy =mi (70)
12



Im(y)

iR
C2, k=0
C3, k>0

a Re(y)

+R

L

€3, k<0
C2, k<0

Figure 4: Contours used in the calculation of the non-local term X. The upper path is taken when £ > 0 and

the lower when k& < 0. Poles are indicated by the red stars.

where C1 is the integral along the positive real y axis, C2 is the quarter circle arc, and C3 is along the the

positive imaginary y axis. By Jordan’s lemma the arc integral goes to zero in the limit, so R — oo

3 e2iky ) a.eikL/a
| it [ rw (71)
0 C3lk>0

y— BL/20 —ie)? — (By — L/20)? " L(1- /)

We simplify the C3 integral by substituting y = iu

0 e2iky
.meﬂ”@‘lgww—ﬂw%—kv—wyewwﬁ

Y o—2ku
- _Z/O du (iu — BL/20 — i€)? — (Biu — L/20)?" (72)

Because the C3 integral does not pass over the pole even in the limit ¢ — 0T we can immediately apply that
limit to obtain

e—2ku

/c'3|k>0 Sy =i [ G Ty

—2ku

- ’/o M A=W+ (D207

When k is negative we follow a similar procedure, however for the integrand to be bounded the contour must

(73)

reside in the lower half of the complex plane. In this case the contour encloses no poles, so we have

RO /C o @+ /C oy T / Fy)dy = 0. (74)

C3]k<0

13



This time substituting y = —iu

/ f(y)dy
C3lk<0

0 sz:y
| st =t
0o e2ku
=i 0 du —iu — BL/20 —i€)? — (= Piu — L/20)?’ (75)

and again applying the e limit

eZku

/03|k<0 fw)dy = / M i = BL/20)? — (—Biu — L/20)?

eru

_ —i/o WY (L2

Putting this all together gives

o.eikL/a —2ku

e

i) /o MW T (L2

0 [e%s) 2ku
—k% —i T0/0 - €
o a0 [ g

o.eikL/a'

L(1-p?)
e—2|k|u

=i [ sians) [ it 0

We can then factor out the (1 — 5%) term

X:

N a0y [ 2 =i
Inty e~ (2) [/ dke ™ e~ik70/7 (97
0

n? 2 [ 2 .
In2? e~ (829 [/ dke ™ e~ kT0/7 97
0

eikL/o‘ e—2|k|u

(u? + (L/20)?)

J. (78)

B ﬁe_(”"f[/oo ke e=ikm/797; 7
0 0

—i/ dke_k2e_ikm/"sign(k:)/ du
—oo 0

Expanding the complex exponential with Euler’s formula

2 oo ikL/o
X = n—oei""Qe—(”Q)z[/ dke™ e=ikmo/797; T /
47T2 0 L

e—2|k|u

_i/_oo dike™*’ [cos(kTo/o) — isin(kTo/a)]sign(k) /000 dum]

eikL/o‘

L

2 oo
_ &eimﬂe—(aﬂ)z[ dke—k2e—ikm/a2,ﬂ_ia
42

—2|k|u

—’/ ke colimfoYsianth) [t

e . e—2lklu
—/_oo dke s1n(k7'0/a)szgn(k)/0 dum]-

The integrand with the cosine is an odd function of k, so that integral is zero. The sine integrand however is

(79)

even so we can simplify as follows

—2ku
_ 770 iToQ —(a‘Q)2 27”0-/ —K? zk(L ‘ro)/o_ / /
= 2t dke dke %" sin (ko /o) du (L2 )] (80)
14



The first integral can be easily calculated, however the second is more difficult. We first replace the sine function

with its Taylor series

n=f d“w || ke e s
_ X 2 o (D)7 .
‘/ T, e 2 @y o/
= Z 2n—|- 1 /oo dum Aw dke_k2e_2ku(k;7'0/0')2n+1, (81)

where the interchange of the integral and summation is justified by the fact that each function in the integrand

is absolutely convergent. We then consider a more general function

F(r)o,L/20,n) = /O h dum /0 " ke =2 (o fo) (82)

where n is a natural number. For positive L/o these integrals can be evaluated as follows

F(r/o,L/20,n) = /0 h dump_l_"n!(m /a)”U(HTn, %,zﬁ)]

70/0)*(L/20)"% 457 1,1 —n/2 2
- e (L @) ®

where U(,,) is the confluent hypergeometric function of the second kind, and G}, is the Meijer G function.

Substituting this back into the integral equation

I, = ZO %f(r/a, L/20,2n 4 1)

-5 L o gy L1 B2y

— (2n+ 1) 4y/m 1/2,1,1
o omit a2/ L1/2=n 2
- (Lz/j/?) Z (2n +1)' rofo) G2’3( 1/2,1,1 Ki) > .

This is a power series in terms of 79/0. For slight deviations in the switching time 77 << ¢ an approximate

numerical solution could be obtained by truncating the sum. Our result for X is therefore

2
Mo ire o (07 3/20' —(L—70)? /405> (L —10)
= 12t [ 7¢ [i — Erfi[ 5 1]
(L/2U) 2041 3,2 171/2_7" L2
e Z 2n+ (ro/o)> 1 G33( i (52) ) (85)
where Erfi is the imaginary error function
Erfi(z) = i/ et dt. (86)
VT Jo
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6 Results

In this section we will assume that the detector switching is synchronous in order to make the analysis simpler.

Setting 79 = 0 gives

2 202
A= Z—O(e_" 2 _\/roQEric[oQ)), (87)
™
2
_ _ % —(Q0)* ,~L?/40? Ly .
X 4ﬁLe e [Erfi( 20) i]. (88)

The negativity of the state of the detectors is therefore

2 2 2 2 L 2
=|X|-A= ;L \/7?%@490) e i~ Brfi( )| — (77 — VAo QErelo Q)| (89)
/i g

Note that nowhere in this equation do either § or v appear; in fact this equation is identical to what we would
find if we calculated the negativity in a reference frame co-moving with the detectors. This is our key result:
observers in any of the reference frames that we have considered will agree on whether the detectors have become
entangled or not. We can then ask 'what are the conditions in which entanglement actually occurs?’. For the
detectors to be entangled we require that A” > 0. We have three parameters of interest, the detector energy
gap, {2, the switching time of the detectors, o, and the distance of the two detectors, L. Because we have been
working in Planck units (% = ¢ = 1) we have Length = Time = Energy . Therefore we can consider only two
of our three parameters at a time, and use the third parameter to normalise the others into unitless variables.

Using the energy gap of the detectors to normalise the other parameters we can write the negativity in terms

of o/ = Qo and L' = LO)

O./

70/27/2 0_/2. L, —(o’
Te (@) = L7/4 |z—Erﬁ(g)|—( @) _ /mo'Erfelo’])|. (90)

Vil

A contour plot of this function can be used to determine when entanglement harvesting is possible, this is shown
in Figure (5).

Looking at this plot we can see that the detectors can indeed become entangled, and that the interaction
time required for this to happen increases when the detectors are further apart. However it’s important to note
that we have an upper bound on how long the detectors are switched on in order for the entanglement to have
actually been harvested from the vacuum. This is because when o > L/2 we cannot rule out the possibility
that some unknown mechanism has led to the state of one detector having a causal influence on the other. Such
a causal influence could at most propagate at the speed of light so by applying the restriction that o < L/2 we
can be sure that any entanglement in the detectors has come from the underlying correlations in the vacuum
state of the field (Nambu 2013). Entanglement harvesting is made possible by the fact that even though the

field is in a minimal energy state there are still vacuum fluctuations in global modes of the field.
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Figure 5: Contour plot of the negativity of the state of the two detectors as a function of o the switching time
of their interaction with the field and L the distance between them. Both of these parameters are scaled by the
energy gap ) of the detectors. The dashed blue line shows the cutoff for entanglement when N' = 0, and the
dashed red line shows the cutoff for signalling L = 20.

7 Discussion and Conclusion

We have modeled the interaction of a pair of spatially separated particle detectors with the vacuum state of
a quantum field. From a reference frame that is moving with respect to the detectors we determined under
what conditions do the detectors become entangled. We found that for certain system parameters the detectors
will become entangled but not because of any possible communication between the detectors. Instead the
entanglement is harvested from the correlations in the vacuum fluctuations of the field.

Our work demonstrates that the class of observers that we considered will all assign the same entangled
state to the detectors, and that they would agree with a stationary observer. Even though in the end the
result we obtained was the same as prior work (Ver Steeg and Menicucci 2009), we have shown how the change
in reference frame is handled mathematically, and this may prove useful to future studies of entanglement
harvesting. We have also shown that a far more complex result is obtained when the detectors do not switch
on and off simultaneously (in their own reference frame).

Directions for further research can be seen in the assumptions that we have made in the present work.
In our model we assumed point-like detectors and smooth, perfectly-Gaussian switching, but these are both
idealisations. Entanglement harvesting by detectors with different spatial profiles and switching functions is an
active research topic (Kerstjens and Martinez 2018). Additionally, we have only looked at motion parallel to
to displacement vector between the detectors and further work could generalise our calculation to motion in an

arbitrary direction.
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8 Appendix

8.1 Calculation of the Density Matrix

This method of calculating the density matrix was developed by (Nambu 2013). Our initial state consists of
the qubits in their ground states and the field in its vacuum state [0) =[], |0x)

po = [Yo) (Yol = [9agp) (9ags| @ |0) (0. (91)

We then introduce the following operators:

by = /T dryn(71) k(i (10)) 0 (92)
:—z/ dnV(n)r=-iy_ Y ®6] (93)
j=*k=AB

This will allow us to separate the action on the detectors and the field and simplify the calculation of p(7). We

can approximate U(T) as

O(r)=1+5+ %T[ﬁﬁ]. (94)
Therefore
p(r) = [1+ 8+ LTI58])(19a95) 10) (0] (gagn) 1 + S + STISS] = [0(7)s) ()il (95)
Looking at just the ket vector:
[9()) = loags) 10) + 8 lgags) 0) + 57185 lgagn) 10) (96)

The first order term gives us

Slgagp)10) = =i > 157 1gagn)[0) = —i[(Dh6h + ©,64) + (2h6h + ©p65)l lgags) 10).  (97)
j=*k=AB
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Applying the lowering operator to the ground state of a qubit will annihilate the state so we can simplify:

S1gagn)|0) = —i[®%ah + S551] lgagn) [0) = —illeagn) 7 |0) + [gaen) F [0)]. (98)

Because we can’t go any lower than the vacuum state we have ‘i)fc |0) o |1), so we can write @{c |0) = |1) (1] ‘iﬂc |0).

Therefore
Slgags) [0) = —i[(1] @} 0} [eagn) 1) + (1] & |0) lgaes) [1)]. (99)
For the second order term

95 19agm) (0) = —iS[(1| &7 |0) |eagn) 1) + (1| @5 [0) [gaez) [1)]
—[(@h5% +0367) + (h6% + Ppop)l[(1 91 10) [eagn) [1) + (1| &4 [0) gaes) 1))
— (1 &% [0) (@165 + DEoF] leagn) [1) — (1] 0% (0) [#567 + Ppop] lgaes) 1)
— (1 @4 10) (@4 1) [9ags) + @ 11) leaen)] — (1 @ 10) [0 |1) leaen) + D5 (1) |9.495)]
— (11 @5 10)[12) 2/ 84 11) [9a98) +[0) (0] €5 1) |9.a95)
+12) (21 9% 1) leaes) +10) (0] @ 1) |eaes)]
— (1195 10)[|0) (0| €% [1) [eaen) +12) (2| % 1) [eaen)
+10) (01 @5 1) lgags) +[2) (2| €5 11) |9495)]
~1(2[ @5 1) (1] 21 (0) [gage) 12) + (0] &3 [1) (1] % [0) |9495) |0)
+ (204 1) (1 @5 10) [eaes) [2) + (0] Df 1) (1] &4 [0) |ees) |0)]
— ({01 @4 1) (1 &4 |0} leaes) [0) + (2] 2% 1) (1] @5 10) |eaes) |2)
+ {01 &5 1) (1 @5 10) [9.ag5) 0) + (2] &5 [1) (1] @£ 10) |g.ag5) 12)]. (100)

We obtain the density operator for the detectors by tracing out the field:

pace = y_ {nl(t)r) ((t)rln) - (101)

n

We simplify the notation by introducing coefficients:

dy = —i (1] 4 ]0) = O(no) dy = —i (1] &£ 10) = O(no)
dya = — (0| &8 (0) = O(2) dsp = — (0] 252} [0) = O(15)
dia = — (0|58 |0) = O(n2) dip = — (0| ®5 P 0) = O(np)
dsa = — (2| €57 |0) = O(5) dsp = — (2] @42} [0) = O()
dsa = — (2] 5% 10) = O(2) o = — (2| 9,7 0) = O(13)
For the Vacuum state:
O[(t)r) = (1 + daa + dap) |9agB) + (d3a + d3B) |eaen) (102)
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Therefore

O (t)r) (¥ ()1]0) = (1 + daa + dap + dja + dip) [9498) (9495

+ (dsa + d3p) leaen) (9agn| + (di4 + d3p) l9agB) (eaen| + O(i5) (103)

For the 1-particle state

(1(t)1) = di leagp) + d2 [gaen) (104)

Therefore

(Ub(t)1) ((t)1[1) = drdi leagn) (eagp| + did; leagn) (9aes|

+ dodi |gae) (eagp| + dads |gaer) (gaes] (105)

For the 2-particle state

(21(t)1) = (dea + dsB) |gagn) + (dsa + dsB) leaen)
= [ (t)1) ((t)r]2) = O(ng) (106)

So the density matrix for the detectors using basis vectors {|gg) , |eg) , |ge) , |ee)} is

1-24 0 0o X

. 0 A Eap O
Pdet = +0(n") (107)
0 Epa A 0

X 0 0 0

Where
A= dyd} = dody = (0| D7 |0)
- / dr, / drana(m)na(ra)e " =72 (0] § a(xa(m1))da(xa(72)) 0) (108)

Eap = Ej, = did} = (0| 9,95 |0) (109)

X =dszs+dsp =—(0] @Ei‘j |0) — (0] ‘i‘jﬁ’g 0)

- /_°° dry /_ . drana(1)ns(12)e (0] ga(xa (1)) o5 (x5(72)) |0) (110)
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