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1 Abstract

Regular adverse market’s movements emphasized the need for efficient risk estimation. In this statistical method-
ology driven project, we will explore different Monte Carlo methods to address the research question of how to
achieve effective estimation for risk metric: Value at Risk and Expected Shortfall. To improve the efficiency of
crude Monte Carlo methods, we will employ various variance reduction techniques such as importance sampling,
control variate and stratification. The proposed methods then will be applied to share portfolio. Simulation and
comparison will be carried out to verify the performance of the algorithms to acquire insights of the efficiency

of the proposed methods.

2 Introduction

The coronavirus pandemic has brought about increasing market volatility and, at the same time, reminded us
of the importance of risk management. Managing risk is a complex task for financial institutions and portfolio

managers. There are two common questions needed to be addressed:
e What value of a given portfolio is at risk?
e If it does get bad, what is the expected loss?

Value at Risk (VaR) and Expected Shortfall (ES) are the risk measures used to answer these questions. Insti-
tutions are required to estimate the profit and loss distributions of portfolios, and thus compute risk measures
that summarise these distributions. From the mathematical point of view, one needs to calculate the expected
value of a random variable. More precisely, it results in integral and quantiles estimation, which is very often
related to the estimation of rare event probabilities.

The effectiveness of the risk measures, however, depends on the accuracy of estimation. The Monte Carlo
method is one of the most robust and straightforward ways to simulate and estimate the necessary risk mea-
sures. This report will focus on three well-known methods used in financial risk management: Control Variates,
Importance Sampling and Stratification. Especially, we will see how they perform against normal risk factor

and heavy tailed risk factor.

2.1 Statement of Authorship

A /Prof Sofronov suggested the project’s main idea. Under the supervision of A/Prof Sofronov and Dr Zhu,
Mr Nguyen introduced the theoretical algorithms, derived the mathematical model and implemented different
variance reduction methods to estimate necessary quantities. Huy Nguyen performed numerical simulations

and interpreted results with support from the two supervisors. AMSI funded the project.
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3 Monte Carlo methods

In this section, we will discover different theoretical aspects of Monte Carlo methods to justify the proposed
variance reduction methods, and to understand why these are superior to Crude Monte Carlo in terms of

convergence speed. The quantity of interest here is p = E(f(X)), with X follows probability density function
(pdf) px.

3.1 Crude Monte Carlo

The Crude Monte Carlo method [5], expresses the estimated integral as the expected value of random variable

f(X): p=E(f(X)). The n samples estimate of y is given by
= > fx
i=1
For example, suppose we estimate the integral fooo (2% + 2z + 2)e~ 2% dx using Crude Monte Carlo method. By
transforming it to [~ (32% + = + 1)2¢ 2" dz, we have f(z) = $2? + 2 + 1 and p(z) = 2¢~2*, which is an
exponential distribution with scale parameter of 2. The Crude Monte Carlo method suggests us to generate

random variable X ~ Exp(\ = 2), and the integral is estimated by fi, = = 37" ;| (X7 + X; +1). We know that

the true value of the integral is 1.75, and the table below shows estimates with different number of samples.

n n =100 | n =1000 | n = 10,000 | n — oo (True value)
Estimate 1.619 1.758 1.751 1.75
The variance of this estimate is
2
o
Var(ji,) = —, 1
ar(fin) - (1)

which means that the larger the number of simulations, the better the estimation. The convergence rate of
Crude Monte Carlo is O(1/n), which is quite slow as illustrated above. This opens opportunities for advanced

methods to increase the rate of convergence.

3.2 Control Variate-Weighted Monte Carlo
3.2.1 Control Variate

Control Variate method is a variance reduction techniques used in Monte Carlo methods. It is useful when we
knew the value of § = E(h(X)), where h(x) ~ f(z). A popular way to use the control variate is the regression
control variate estimator below: .

jio = = 32 (70X — Bh(X)) + 6. @

i=1
In order to justify its efficiency, we derive the expected value and variance of the regression estimator:

E(fis) = i+ 66 — 56 = p.

Var(jig) = % [Var(f(X) — 28Cov(f(X), h(X)) + 5*Var(h(X))] . 3)



The estimator is unbiased, and the variance suggests that we can choose efficient parameter 5 in order to

minimize the theoretical standard error. Basic calculus gives the optimal B,y of the following form:

Cov((X), h(X))

Pont = Var(h(X))

Substituting the optimal § into equation (3), with p as the correlation coefficient between f(X) and h(X), we

have:
2

. o

Var(is,,.) = 2 (1= %), ()
Equation (4) proposes that we have effectively reduced the variance of the original Crude Monte Carlo as given
in Equation (1). Additionally, we can see that the higher the correlation between h(z) and f(x), the faster our

estimate converges to the true quantity.

3.2.2 Weighted Monte Carlo

Control Variate can be viewed as a weighted Monte Carlo method. This method assigns weights to different
realizations of f(X) from above. § is estimated by sample variance and covariance. Given m as sample mean

of f(X;), p as sample mean of h(X;):

p="= : (5)

Substituting the estimated 8 in Equation (2), we have assigned different weights to f(X;). The estimator then

is given by
i=1 i;l(h(Xi) -p)?

3.3 Importance Sampling—Exponential Twisting
3.3.1 Importance Sampling

Importance Sampling is one of the most robust way for simulation. The idea is to sample more from interest
region/distribution and assign appropriate weight to the realizations. Define domains D and @ corresponding

to densities p(x) and ¢(z), respectively. Then

Cmrien — | remtands - [ BERE 0K
p=E0(0) = [ spyas= [ DD o) 0o —p, (LR,
- _lzn f(Xi)p(Xi) .




In order to justify its efficiency, we derive the expected value and variance of the Importance Sampling estimator

and realize that the estimator is also unbiased.

dx — pi2.

This suggests that a very low variance can be achieved when ¢(x) has a heavier tail in the area of interest
compare to p(x).

3.3.2 Exponential Twisting

Exponential Twisting proposes one simple way to derive importance sampling density g(z). Let ¥(6) =
In [%_e?*d(F(x)) be the cumulant generating function (cgf) of p(z). Then, the cumulative distribution function

(cdf) and subsequently, the pdf of the importance density could be derived, we have:

Fy(x) = / " OGR@W),  pe(a) = P Op(n), 9)

Effect of exponential twisting

20
I

15
|

0.0
|

Figure 1: An example of exponential twisting applied to exponential distribution of rate parameter A = 2 using

0 = 1. It results in a new distribution with a shifted mean equals ﬁ.




Substituting in w(z) = ZJ(%, the variance becomes:

/ S@P@) | g (£()20(X)2). (10)
Q q(x)

Substituting the exponential twisted w(X) = e?(@ =X in Equation (10), we have:

G@P@ g nn o
[ = B X P (X))

— Eq(f(X)262w(9)—29X)

— B(f(X)2e0)-0%), (1)

It is clear that choosing an effective parameter 6 would be helpful in reducing the variance. We will derive its

closed form formula for our problem of interest later on.

3.4 Stratification-Proportional Allocation

3.4.1 Stratified Sampling

The idea of stratified sampling could further improve the efficiency of importance sampling. The method splits
the domain D into separate regions (strata) D;,j = 1,2,...,J, then takes a certain sample points from each
region. This would ensure the sufficient number of points needed from the region of interest. In order to use

stratified sampling, one must know:
o Size of the regions, w; = P(X € D;), and

e How to sample from X ~ p;, with p;(z) = wj_lp(:v)]l{x € D,}, where I{z € D;} = 1if 2 € D; and
I{z € D;} = 0 otherwise.

Let X;; ~ p; be i.i.d. samples, the stratification estimator is given by:

wj

J nj
,astrat - Z n_ Z f(XZ]) (12)
j=1 "7 i=1

We can see that the estimator is also unbiased since:

J n;
E(fiserat) = Y wyE (ni > f(Xij)) (13)

J
J

-y p((“’j) S (@) f(a)de

— Dj
7j=1 J D;

- / p(2)f(z)dz = p.
D

The variance shows that the choice of strata sizes would affect the convergence speed:

J
~ o w 2
Var(fistrat) = E —0j. (14)
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3.4.2 Proportional Allocation

Proportional Allocation is a popular way to choose the stratum’s sample size. It may not be the most efficient,
but it is the simplest way to combine with Importance Sampling. This method allocates n; = nw; points into

stratum D;. As a result, we have the following:

J nj
. 1
Hprop = Z Zf(Xij)a
j=1i=1
1
Var(fiprop) - Z w;o; (15)

It can easily be proven that the estimator is also unbiased, and its variance is smaller than Crude Monte Carlo’s,

since weighted sum of each stratum’s variance is small than the original variance.

4 Estimating risk measures using Monte Carlo methods

There are two measures of preference when financial institutions assess their portfolios’ loss distribution. These
are the Value at Risk and the Expected Shortfall. The two risk measures take into account the worst case

scenarios or the extreme region of the loss distribution. In particular, let F;, be the cdf of portfolio’s loss L:

e (1 —a)% VaR is the level of loss that institutions are (1 — «)% confident that portfolio will not lose more

than VaR, (L) = F; '(1 — a).

e (1—a)% ES is the expected level of loss, given that the loss has exceeded the confidence level, ES, (L) =
L ["VaR,du.

Very often, the exact distribution of loss is hard to estimate and Monte Carlo methods are used to estimate
these measures [4]. It is also noticeable of the importance of generating adequate amounts of extreme values in
the tail area (« is around 1% to 2%), which Crude Monte Carlo might fail to deliver sufficient realizations of
interest.

A common feature of financial models capturing the interaction between risk factor and loss distributions were
the assumptions of normality [1]. The notorious Black-Scholes model assumes stock price follows Geometric
Brownian Motion, which leads to normal expected return. In reality, financial asset returns’ distribution might
possess heavier tails than the normal distribution case. We will examine both cases with one of the most
important market risk factors (stock price) and apply the three proposed Monte Carlo methods onto this
portfolios.

Even though the methods are different in nature, there is one thing in common: all methods would produce
realizations L and assign weights W to each one of them. If L() is the largest loss, L(™ is the smallest loss

and after choosing our significance level «,

—mlnl ZW()>04‘|. (16)



VaR and ES lllustration

§ - 99% VaR 99% ES

Figure 2: An example of VaR and ES for the standard normal distribution.

Then we have the following estimators for the VaR and the ES:

VaR, = L),
to—1 fo—1
Bo=— |3 woL0 4 [a= 3w | 162

0%
j=1 j=1

4.1 Linear light tailed portfolio

One of the most fundamental model to value an asset price S(t) is the Geometric Brownian Motion (GBM):

S(t) follows the GBM if

o S(1)—=S(to) S(t2)—S(t1) S(tk)=S(tk—1)
S(to) ’ S(t1) Y S(tk—1)

are independent, and

e instantaneous changes are normally distributed, %%) = pdt + odW (t).

Because loss is calculated based on AS(t) rather than %g), this can bring complications to our modelling.

Such complications, however can be circumvented for our problem if we assume that for institutions, market risk
factor such as stocks, derivatives can be liquidated quite quickly. This means that regulations usually require
rather small horizon for evaluating the VaR or the ES. Because of that, we can say that AS(t) approximately
follows normal distribution: AS(t) = S(t + At) — S(¢) = S(t) (%&t))) Moreover, within such small horizon, it

is safe to assume mean of AS(t) is 0. If the annual volatility of the stock is v, then the volatility of changes
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from [0,At] is 0 = vV At. For a linear portfolio of shares, portfolio loss would be: L = —AS, this means
L ~ N(0,0% = v2At). The sections below will address the specific algorithms of each Monte Carlo methods
applied to this light tail case.

4.1.1 Control Variate-Weighted Monte Carlo

As realizations of L; = f(AS;) = —AS; can be generated from N(0,0% = v2At), we could find a control variate
that has high correlation with the original one. For this simple case, we could choose h(AS;) = —2AS;. In

order to use this method, we need to know how to calculate the two quantities below:

= f(AS;),AS; ~ N(0,0% = v*At),
1, (b= h(AS))(p — E(M(AS))
n ;( (AS;) — )

Wi

Algorithm 1 CV algorithm

1. Generate a vector S of N realizations of AS.
2. Create a N x 3 empty matrix A.

3. Fill A(i,1) with f(S[i]), A(i,2) with h(S[i]), A(4, 3) with corresponding weights W; calculated from equa-
tion (17).

4. Sort the matrix in decreasing order based on the first column.
5. Set i, = min |:j : 25:1 W > a}.

6. Obtain \7&5{& = L0a),

ia—1 Ta—1

7. Obtain Eéa = — Z w @) @) +la- Z w@ | G|

The algorithm shows one shortfall of Control Variate, it is that if « is small, then few simulations would fall
into the area of interest [2]. Exponential Twisting method would prove to be superior in generating points in

such extreme area.

4.1.2 Importance Sampling-Exponential Twisting

Exponential Twisting changes, or shifted our original density function with pg(z) = e?*~%*®p(z). In our specific
case of L ~ N(0,0? = v2At), our new loss distribution follows L ~ N (o2, 0% = v?At). The only thing to do
now is to find the efficient 6.

Now, let us focus only on the area of interest, L > xz. Probability of this loss is P(L > x), which can be

connected to our integral estimation by P(L > z) = E(I{L > z}). Using importance sampling principal, we

NAMSI
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acquire the estimator:

- 1 a p(Ls)
P(L>z)= nZ]I{L>:c}q(Li).

Exponential Twisting would give P(L > z) = %ZN HL > x}e?@=9L:  We should choose 6 that could

minimize the variance of this estimator. Let us examine the second moment of ﬁ(L > x), which is Ey(I{L >

20(0)=20Ls)

x}e This is equivalent to equation (11). With the same modification, the second moment becomes

E(I{L > x}e¥(®=0L:) which is always less than or equal to e?(®)~0@
In order to minimize the standard error, the problem becomes choosing 6 that minimizes 1 (6) — 6z. This

0252

happens when /() = x. Recall that loss distribution follows N (0,07 = v?At) with the cgf () = &

We derive the optimal ¢ = 5. Note that even though x would be true quantile of interest, one can make a

prediction close to the quantile.

In summary, to conduct the simulation, we need to know:

= f(AS;), AS; ~ po,

1 p(AS;) L wo)—oas,
= - = — L. 1
n pe(AS;) ne (18)

Algorithm 2 IS-ET algorithm
1. Generate a vector S of N realizations of AS ~ N (o2, 0% = v2At) and L = f(AS).

2. Create a N x 2 empty matrix A, choosing x close to the true quantile and 6 = =.

3. Fill A(i,1) with L[i], A(i,2) with corresponding weights W; calculated from equation (18).
4. Sort the matrix in decreasing order based on the first column.
5. Set iq = min [ : Y21, WO > a.

6. Obtain @a = LUa),

Ta—1

7. Obtain Egaf— ZW L 4 - ZW(J 7 (i)

4.1.3 Stratified Sampling-Exponential Twisting

To even further reduce the variance, we apply stratification to sufficiently acquire the number of points of
interest. The method will be used on the new exponential twisted distribution. When simulating N points, we
might assign Na points to the tail area, thus creating two new strata. The problem here is trying to estimate

the cutoff points between strata, which is simple to find out in our case.

10
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Algorithm 3 SS-ET algorithm
1. Generate a vector S of N realizations of AS ~ N(fo?,0% = v2At) and L = f(AS). Acquire Na points

above cutoff points and (N — Na) below cutoff points. Cutoff point := cN~1(1 — a).
2. Create a N x 2 empty matrix A, choosing x close to true quantile and 6 = .
3. Fill A(i,1) with L[i], A(,2) with corresponding weights W; calculated from equation (18).
4. Sort the matrix in decreasing order based on the first column.
5. Set ip = min [j: 0, WO > a.

6. Obtain VaR, = L),

—~ 1 fa”l . . it . .
7. Obtain ES, = — W) LG -y W@ | Lt
amn o ; + | « JE::I

4.2 Linear heavy tailed portfolio

In reality it is witnessed that financial asset’s return might follow heavier tail distribution with higher peak.
This can be seen in stocks where there are small price changes in most of the times and few occurrences of
drastic changes. Based on [2], one of the famous distributions to model heavy tailed price changes is Student’s
t-distribution with 3 to 7 degrees of freedom.

Suppose price changes X follow Student’s ¢-distribution with degree of freedom v. We have

v
v—2"

E(X) =0, Var(X) =

We then continue to scale the t-distribution to achieve our necessary standard deviation. If our estimated
volatility is o, our scaled distribution should be o ”%QX .
The sections below will address the specific algorithms of each Monte Carlo methods applied to this heavy tail

case.

4.2.1 Control Variate

Just as the light tail case, we could choose h(AS;) = —2AS; with AS; follows scaled Student’s ¢-distribution
o4/ ”T’Q t,. In order to use this method, we need to know how to calculate the two quantities below.

oo Ly (= h(AS))p—BH(AS) 19)
"y (as) -p)

=1

After that, we can simply apply Algorithm 1, the Control Variate algorithm.

11
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99% VaR Comparison lllustration
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Figure 3: A comparison of the VaR for the standard normal and the scaled Student’s ¢-distribution with 5

degrees of freedom.

4.2.2 Importance Sampling

Following the same logic from the light tailed case, exponential twisting requires a defined cgf and a good choice
of parameter 0, which is dependent on the area of interest. For Student’s ¢-distribution, the cgf does not exist.
In [2], it was suggested a convenient but indirect method to approach this problem. We know that Student’s
t-distribution could be written as: t, = %, with Z follows standard normal and Y follows Chi-squared with
v degree of freedom. This method takes :a,dvantage of the fact that conditional on variable Y, its moment

generating function (mgf) takes the form of a scaled normal’s mgf. To assist with choosing the most efficient 6,

we further change our Student’s ¢t random variable X =t¢, = \/ZZ into X, = %(X —x)=2 % - x% Let us

construct our conditional moment generating function:

Y 1Y
E(e?X=|Y) = exp {—x—@ + ——02},
v 2 v

which is the chi-squared mgf with parameter a(6).

We already know the moment generating function for chi-squared variable, which is (1 — 26)~% with § < %

12




Using the parameter a(f) from above, we obtain the mgf, thus the cgf for the variable X,: 1, (0) = —% In{1 —

2(—20+ %%)} Now we can exponentially twist the variable X, instead of X. From section 4.1.2, our estimator
would be P(X > z) = L SN I{X; > z}e¥s(@)~0=Xeii. The second moment is Eg(I{X > x}e2Ve(0)=20Xes)
which is equivalent to E(I{X > x}e¥=(®)=0Xe.i) The event {X > x} happens when {X, > 0}, which leads to
E(I{X > z}e¥=(0=)=0Xe) < ¢¥2(%)  The efficient choice of # would minimize e¥=(%). From the cgf above, it is

minimized when 0, = x.

Z

The next step is to know how to sample X = —%

from Z and Y after being exponentially twisted. In [3] it

was derived their distributions (see Theorem 4.1). It shows that under py:

Y ~ Gamma (v/2,2/[1 — 2a(9)]), Z ~N (0@, 1) .

In summary, to conduct the simulation, we need to know:

Z
L; = —, under py,
ly

Va(0,) = _7”111{1 ~2(0+ %9;)}

Algorithm 4 IS-ET algorithm - Heavy tail

1. Choose x close to true quantile and 6, = x.
2. Create a N x 2 empty matrix A, for each of N simulation:

e Generate Y from Y ~ Gamma{r/2,2/[1 — 2a(0)]}, generate Z from Z ~ N{6,/ X 1}.
o Set X /T Xe=3(X—2), L=0/"=X,W="e¢ with ¢, (0,) from equation (20).
3. Fill A(¢,1) with L[é], A(¢,2) with corresponding weights W;.

4. Sort the matrix in decreasing order based on the first column.
5. Set i, = min [j S W > a}.

6. Obtain VaR,, = L()

S T R ia=l ,
7. Obtain ES, = - 2; WL 4 (o — 2; w@) | pGa) |
J= j=

4.2.3 Stratified Sampling

Just as illustrated in Section 4.1.3, stratification would help us acquire Na points for estimating the VaR and

the ES inside the region of interest. Finding the cut off point separating the regions would be simple in our

13
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case, where we know the distribution already.

Algorithm 5 SS-ET algorithm - Heavy tail

1. Choose x close to true quantile and 6, = x.

2. Create a N x 2 empty matrix A, acquire N« points above cutoff points and (N — N«) below cutoff points.
Cutoff point := ¢t~(1 — o, df = v). For each of N simulation:

e Generate Y from Y ~ Gamma{r/2,2/[1 — 2a(0)]}, Z from Z ~ N{0,/ X 1}.

e Set X =
(20).

\F’ X, =Y(X-2), L=0/22X and W = Le¥=(0)=0:Xs with ¢, (0,) from equation

3. Fill A(¢,1) with L[i], A(4,2) with corresponding weights W;.
4. Sort the matrix in decreasing order based on the first column.
5. Set i, = min [j : Zgzl w@ > a].

6. Obtain VaR = [(ia),

ia—1 ia—1
—~ 1|+ ) . < ; .
7. Obtain ES, = — E :VV(J)L(J) — § :[/V(J) ()
ain o 2 + |« 2

5 Convergence rate illustration

5.1 Light tail case

After knowing some of the theoretical algorithms above, we will apply those to our rare event simulations case.
Figures 4, 6, 8, and 10 illustrate the convergence speed towards VaR and ES of Crude Monte Carlo, Control
Variate, Importance Sampling and Importance Sampling plus Stratification, by slowly increasing the number
of simulations.

It can be seen that as expected, Crude Monte Carlo’s estimator displays much noise and fluctuations, even when
after the fluctuations stabilise after 2000 simulations. Control Variate also seems to fail in this case. It might
be because very few points are generated in the area of interest, which fails to correctly estimate the optimal
coefficient 8. Importance Sampling method is the most efficient, where Exponential Twisting has successfully
shifted the distribution near the area of interest in order to generate more realizations. Stratification does not
seem to add any value to Importance Sampling, since Importance Sampling has simulated enough points in that

area already. Because of this, we would like to assess Stratification separately to the Heavy tail case.

14
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5.2 Heavy tail case

Heavy tail rare event simulations require simulations in more extreme area, which means that we expect our
four methods to perform worse than the Light tail case; see Figures 5, 7, 9, and 11. It can be seen that even
Importance Sampling method is less stable before 500 simulations, but it is still the most powerful variance
reduction method. After being separated for Importance Sampling, Stratification does not seem very attractive
anymore. The method actually does not outperform Crude Monte Carlo and Control Variate when 1500 - 2000

simulations is reached, however, it holds its merits around 500 simulations.

6 Conclusion

We have reviewed four most popular Monte Carlo methods and compared them by estimating a rare event
probability. The three variance reduction methods (Control Variate, Importance Sampling and Stratification)
have interesting ideas in increasing the speed of convergence. Control Variate takes advantage of the correlation
between functions to reduce standard error, Importance Sampling samples more points from the area of interest,
while Stratification ensures “adequate” amount points in the area of interest. From the analysis, we have learned
that while scarcity of realizations in the area of interest makes Control Variate inefficient, only getting adequate
amount of realizations from Stratification is not optimal if we want small sample simulation. Therefore, the
important aspect to remember when doing rare event probability estimation is to get as many points as possible
in the extreme area of interest, which Importance Sampling is quite robust and powerful. Financial institutions,
as a result might want to research more into this specific method as a way to reduce computational cost when

estimating risk measures.
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Appendix
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Figure 4: Graphical illustrations of Light tail convergence rate for CMC
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Figure 5: Graphical illustrations of Heavy tail convergence rate for CMC
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Figure 6: Graphical illustrations of Light tail convergence rate for CV
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Figure 7: Graphical illustrations of Heavy tail convergence rate for CV
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Figure 8: Graphical illustrations of Light tail convergence rate for IS
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Figure 9: Graphical illustrations of Heavy tail convergence rate for IS
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Figure 11: Graphical illustrations of Heavy tail convergence rate for SS
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