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Abstract

In this report we go through a construction of Brownian motion and then use Brownian motion
to prove some things which are usually proved by ordinary analysis. We mainly restrict ourselves
to C and R? to use some complex analysis. In particular, we look at the Dirichlet problem, the
conformal invariance of Brownian motion, harmonic measure, Green’s functions, and the Poisson

kernel.

1 Introduction

Analysis, especially measure theory, is essential to probability theory. In this project, we looked at the
other direction: applying probabilistic techniques to problems in analysis.

In particular, Brownian motion (here usually in R? and C) can be used to prove facts from analysis,
including properties of solutions to the Dirichlet problem, Green’s functions and Poisson kernels.

An important fact is that, in C, the image of a Brownian motion under an onto conformal map
is also a Brownian motion in the range, provided that the time is transformed in the right way. We
say that Brownian motion is conformally invariant. Then using Brownian motion makes it easy to
find out how things like the harmonic measure, Green’s functions and Poisson kernels transform under
conformal maps.

Section 2 concerns the properties and the existence of Brownian motion. The subsection about the
construction of Brownian motion is self-contained, so can be safely skipped.

Section 3 is a short introduction to Itd calculus, which is needed to show that Brownian motion is
conformally invariant (Lévy’s theorem). In particular we need It6’s formula.

In Section 5, Brownian motion is used to solve the Dirichlet problem and in Section 6, Lévy’s
theorem is proved. Then harmonic measures are introduced in Section 7. In Section 8, Brownian
motion in C is used to construct Green’s functions for a domain. The construction is based on ideas by
Gregory Lawler. Using Lévy’s theorem, it is then easy to show that Green’s functions are conformally
invariant. The last section is about Poisson kernels and showing how they transform under conformal
maps.

I would like to thank Laurence Field for supervising me and being so generous with his time and

AMSI for funding this project.
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2 Brownian Motion

2.1 Properties of Brownian Motion

Throughout, we’ll denote the sample space by 2, the set of events by F, and the probability measure
by P.
A stochastic process is a family of random variables indexed by time, or more generally some set 7.

A stochastic process {B; (w)},5 is a Brownian motion if
e Bp=0
e for s < t, By — By is normally distributed with mean 0 and variance t — s

e for s < t, the increment B, — By is independent of the o-alegbra Fs = o {B, : r < s}, which is

the smallest o-algebra generated by all the random variables B,, r < s
e and t — By is continuous with probability 1.

The first step though is to show that Brownian motion actually exists. There are several ways of doing

so and here we’ll follow the approach from [2].

Proposition 1. Let Xy,..., X, be jointly normal. That is X1,...,X, are a linear combination of
i.5.d with distribution N (0,1) random variables Zu, ... Zy,. If Cov(X;, X;) = 0 for all i and j, then
X1,..., X, are independent.

Proof. Without loss of generality suppose that X1, ..., X,, are all normalized. Moreover since Cov (X;, X;) =
0 for all ¢ and j, X; ..., X, are all orthogonal. Then, by Gram-Schmidt, X1, ..., X, can be expanded
to an orthonormal basis, say X, ..., Xn.

Orthonormal bases are related to each other by orthogonal matrices, so

X =02

where X = (X1,...,Xn), Z = (Z1,...,Zn) and O and U = O~! are orthogonal. The PDF of Z
is (2m) 72 exp [—]2|?/2]. Since UTU = I, then the joint density for X is,

(2m) "% exp [~ [Ual? /2] = (27) 7% exp [-2TUTUw/2) = (27) "% exp [~[a]*/2]

i.e. X has the same probability density, so the rows of X are independent. O

2
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2.2 Construction of Brownian Motion

First, we’ll construct a Brownian motion B; (w) on t € [0,1]. It is enough to define B, on the dyadic
rationals, a countable dense subset of [0,1]. It will turn out that ¢ — B; is uniformly continuous and
so By can be extended to all of ¢ € [0, 1] by taking limits.
Let
J ,
Dk:{ﬁ:0§]§2k}.

The dyadic rationals are

D= G Dy,.
k=1

We’ll define B; inductively, first on Dy, and then on Dy given By on Dy.
Let {Z4 (w) : d € D} be a countable family of mutually independent N (0,1) random variables on

some suitable probability space (2, F,P).

Base case

On Dy, let By = 0 and By = Z;. Clearly By — By ~ N (0,1).

Inductive step

Let

(k) _
157 = Bty 26 = Bjjor-

(I.H.) Suppose that B; is defined on Dy and the increments {I ;k)

0<j <2k~ 1} are mutually
independent and each has distribution N (O, 2_k). Moreover, assume that for each t € Dy, B; is a

linear combination of {Z, : d € Dy}.

For d € Dy1\Dg, d = (j + %) /2’“ for some j. Then define B(j_,’_l)/zk by
2

15 = Bjs)jor = By = %Iy(k) + Wlk/zz(ﬁé)/zk
“Boapye = [Burm + Bis] + gy e
Therefore
I = Buay = By = 31— grgma iy

3
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Note that aN (0,1) =N (0, a2) and the mean and variances of independent Gaussian add up.

By the inductive hypothesis, IJ(.k) ~ N (0,27%) so %I](-k) ~ N (0,27%72) and since 2_’“/2_1Z(j+1)/2k ~
2
N(O, 2—19—2), then
By ~ N (0,27571)

—k—-1
and B(j+1)/2k — B(j-l—%)/Qk NN(0,2 )

Bljegyr ~
)/2¢ is a linear combination of {Z; : d € Dy41}

i.e. increments have the correct variance. Clearly B(j 41
2

(note Dy, C Diy1).
To check independence of increments, since I J(-k) is a linear combination of {Z; : d € Dy}, EIi(k)Z (7+1)/2¢ =
2

0, and so
1 1 1
(k+1) y(k+1) _p ( 2 ek
B (2 2. zk/zz( )/2k) (212' jE2-2k/2Z(i+%)/2’“>

(k)
( 1+ IEZ( )/sz(i—i—%)/%)'
Z

(j+1)/2¢ and Z( +1)/n are independent, so

Q_, .Jklr—‘

Ifz;éj,thenI( ) andI()

(k) 1 Lk 1 _
E(zfz £ ot )m) (afi iz-zk/ZZ(H%)/?")_O‘

If i = j, and n # m,
1 1
k+1) p(k+1) _ (k) y(k)
EIFHVIGY = o <]EI]. LY - QkEZ(j+%)/2kZ(j+%)/2k)

1/1 1
—z<2—k 2k> 0

Then by Proposition 1, the increments IZ-( D are independent.

Lemma 2. If s,t € D and s < t,
EB; (B; — Bs) = 0.

Proof. Choose Dy, so that s,t € Dy,. Then s = n/2* and t = m/2* for some n < m. Then

n—1
Bn/2k = Z Iz(k)
=0

and By, o — By, jor = Z IJ(-k).

Since increments are independent, then

EB,, s (Bm/Qk - n/%) - [(TLZII’“)> (mzlf;’“))] —0.

=0

4
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Lemma 3. Fort € D, EB? =+t.

Proof. Suppose t € Dy, i.e. t = n/2*. Then B, Jok = E?:_()l Ii(k). Since increments are independent
and EIM 1% = o=k,

n—1 n—1 n—1
EB2 . =E (ZI}’”) S =Y BV = 22— —n/2" =t.

i=0 j=0 =0

Also, if s,t € D and s <*t,
E(B; — Bs) Bs =EB;Bs —EB;B; =0
so EBiB; =s. If re Dand r < s <,

E[(B: — B,) B, = E[(B; — Bs) B| + E[(Bs — By) By]
OZE[(Bt_Bs)BT] +0

i.e. By — Bs and B, are uncorrelated and therefore independent.

2.2.1 Uniform Continuity

Theorem 4. Borel-Cantelli Lemma. If A, is a sequence of events and > .- P(A,) < oo then
P (A, infinitely often) = 0.

Proposition 5. Suppose f : D — R is uniformly continuous. Then there exists a unique continuous

extension F : [0,1] — R. Moreover F is uniformly continuous.

Proof. Let x € [0,1]. By uniform continuity, we may choose J,, such that, for y,z € D, |y — z| < 0,
implies |1 (y) — f (2)] < 2.
Choose a sequence x,, € D such that |z, — 2| < d,/2. Then

) )
|wn—xm|§|x—mn|+|x—xm|<§+7m§5nvém

where 0y, V 0y, = min {0y, d,, }. Therefore
|f (xn) - f (xm)| <27tva2T™m
ie. f(zy) forms a Cauchy sequence. Then let F' (x) = limy, o0 f (21,).

5
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If y,, — x also, by choosing a subsequence we can assume that |y, — z| < §,,/2 and so
[T = ynl < |zn — 2| + |2 —yal < 6n

and so |f (zn) — f (yn)| < 27™. Therefore F (x) is independent of the choice of sequence x,,. If x € D
then F (z) = f (x).
If F was not uniformly continuous, i.e. for some z,y € [0,1], |x — y| < o, but |F(z) — F(y)| > 27",

then f would not be, since z and y can be approximated by points in D. O

Let

Ky =sup{|Bs— By :0<s,t<1,|s—t|<27" s,tcD}

and

k k+1
—ngs<i,sep}.

K, = max sup{‘B Bk/zn‘: < m

= o<k<on
Being uniformly continuous is equivalent to K; — 0 as n — co. Note that K, < K.
Also, if.... K,, < K;; < 3K,. So it’s enough to show that K, — 0 as n — oc.

Since Bgyy — By has the same distribution as By, then

2" —1

k k+1
P(K, >m) < Z ]P’(sup{|BS—Bk/2n| —<s< %,SG'D} >m)
k=0

=2"P (sup{|BS| :0<s<2™ s G’D} >m)

=2"P (sup{|B$| :0<s<1,seD} > 2"/2m>

Let k = min{k : Byjon > m} Then

P(By >m) =Pk <2")P (B >mls < 2").

If kK < 2", then since By — By is a Gaussian with mean zero and B; = B, +B1— B > m+ By — By

, and so By is a Gaussian with mean greater than m, and so P (B; > m|x < 2") > 1/2. Therefore

]P’({n%th zm) <P(k<2")<2P(By>m).
€Dn

Since {maxyecp, By > m} C {maxiep, , B > m}, i.e. is an increasing chain of events, then (by

basic measure theory)

6
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P (suth > m) <2P(B; >m).
teD

By symmetry

P (sup | By > m) =2P (suth > m) <A4P(B; > m).
teD teD

Finding an upper bound for P (B; > m),

_ L 2w
V2mm
Therefore, for a sequence m,, — 0
P (K, >m,) <2"P (Sup|Bt’ > 9n/2y, ) < izn 2 exp [_2n—1m2]
" "= teD - "= \or 2n/2m,, n

Let m,, = 2~™/%. Then

8 3
< n/4 __ol+n/2
P (K, >my,) < _\/%2 exp [ 2 ]

By the ratio test, Y o°_ P (K, > my) converges so by the Borel-Cantelli lemma, P (K,, > m,, i.0.) =
0 ("i.0.” means ’infinitely often’), and so with probability 1, K,, — 0 as n — o0, i.e. t — By is uniformly
continuous.

Therefore, ¢t — By : D — R can be uniquely extended to [0, 1]. Are the increments B, — B, and B,

still independent, for s < ¢ in [0, 1]?

Definition 6. The characteristic function of a random variable X is Ee’*X. The characteristic function
of a joint distribution (X,Y) is

© (u U) = EeiuX-i—ivY‘
Proposition 7. Random variables X andY are independent if and only if, for allu and v, Ee®X+0Y —

EeiuXEeiuY

7
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Proposition 8. Ifr < s <t andr,s,t € [0,1], then B; — By is independent of B;.

Proof. By Proposition 7, it is enough to show that, for all v and v,

]EeiU(Bt—Bs)‘H'UBT _ Eeiu(Bt—Bs)EeiuBr )

Then, for r, s,t,

B;(w)= lim By, (w)

tn—ttn €D

i.e. By (w) is the pointwise limit of By, (w) for almost every w. Then by continuity

By, — B;, - By — Bsae w

exp [iu (B, — Bs,) + ivB,, | — exp [iu (By — Bs) + ivB,] a.e. w.

Moreover, |exp [iu (By, — Bs,) +ivB;,]| = 1 and so is bounded. Since the whole space has finite

measure (i.e. PQ2 = 1), then by the dominated convergence theorem

Eexp [iu (By, — Bs,) + ivB,, | — Eexp [iu (By — Bs) + ivB,].

For s, choose a decreasing sequence in D, and for r, choose and increasing sequence in D. Therefore,
for all n, r, < s,, and since s < t, we can choose t,, so that s, < t, for all n, i.e. r, < s, < t, for all

n and 7y, Sp,t, € D. Therefore, since B, — B, and B,, must be independent, by Theorem 6

E €xp [Zu (Btn - BSn) + ivB'f‘n] = ]Eexp [Z'LL (Btn - BSn)] E eXp [i")Brn] .

Therefore,

Eexp [iu (By — Bs) + iwB,| = Eexp [iu (B; — Bs)| Eexp [ivB,].

O

To define B; on all of R, let B}, BZ,... be an independent family of Brownian motions on [0, 1].

For t > 0, let T be the smallest integer T' < ¢, and let

Bi=Bi+Bi+---+B{ + B[

If (B;) is a Brownian motion then (B; + x),~ is a Brownian motion starting at x. It’s probability

measure is denoted P* and its expectation denoted E*.

8
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2.3 Markov Properties

Definition 9. A filtration is a family of g-algebras indexed by time, {Mt}tzo’ such that if s < ¢,
MS g Mt

For example, {Fi},> is a filtration.

Definition 10. Given a filtration M;, a random variable T" is an M-stopping time if {T <t} € My

for all ¢t. Intuitively: we can tell if T" has happened yet given M,.

If s > 0 and B, is a Brownian motion then By;s; — By is a B.M. independent of Fs. This is the
weak Markov property.
However, Brownian motion also satisfies the strong Markov property. If S is a F-stopping time,

then B,ys — Bg is a B.M. independent of Fg.

Proof. See Chapter 1.3 of Bass [1]. O

3 Ito Integrals

Suppose that w is fixed and we want to calculate

/Otf(s)dB

If ¢t — By was differentiable (except for possibly finitely many points) then

/Otf(S)st=/0tf(8)dB

But, with probability 1, ¢t — B; is nowhere differentiable.

However, if f(s) = ¢ was constant, or depended only on w, then the only sensible way to define

fS w) dBs is

T T
/ f(w)st=f(w)/ dB, = f (w) [Br — Bs).
S S

Recall that Fs = o {B, : r < s}.

An elementary function Ry x Q@ — R is one of the form

= Z €t; (w) 1[ti7ti+1)

i>1

9
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where each e, (w) is F,-measurable, {t;};5 is a partition of Ry, and ¢ (¢, w) is in L?. For elemen-

tary functions, the [t6 integral is defined as

M-1
/ ¢ (t,w)dBy (w) = Y ey, (w) [Biy, — Bi] (@)
=0

where to = S and ¢ty = T, by subdividing the partition if necessary. This way, e, (w) depends on only
what has happened up until ¢;, and does not depend on By, — By,.

(3

Definition 11. Given a filtration My, a stochastic process X; (w) is My-adapted if, for each t > 0,
X; (w) is My-measurable, i.e. if U C R™ is Borel measurable then X;* (U) € M,.

Definition 12. A stochastic process (X;) is a M;-martingale if, for all ¢, X; is integrable, M-

measurable, and if s < ¢,
E [X¢|M;] = X, as.
Definition 13. A function f (t,w) is [té integrable on [0, T] if it is

e measurable,

e Fi-adapted, or, more generally, if B; is a martingale with respect to M; and f (t,w) is M-
adapted,

e and E [f(;ff(t,w)zdt] < 00
Proposition 14. If G C F are o-algebras and X is a r.v., then

E[E[X|F]|G] = E[X|G] (Tower Rule).

Also, if Y is a r.v. that is F measurable,

E[Y - X|F] =Y -E[X|F].

Proposition 15. Let By be a Brownian motion with respect to F;. The stochastic process X; =

fo s)dBs is an Fy-martingale.

Proof. By the definition of the Itd integral on elementary functions, if t, = ¢

t n—1
| o)=Y e @) B, =B @),
=0

10
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Suppose that t; = S (by subdividing if necessary). Then (X;) is a martingale if E [X;|Fs] = X

If i +1<j, then By, , — By, and e;; are Fg-measurable, so
E [er, [B., = Bi] |Fy,] = ew, [Buy — Bl -

Otherwise if ¢ > j, then F;; C Fy,, so by the Tower Rule,

E [eti [Bti+1 - Bti] |‘7:tg] =E [E [eti [Bti+1 - Bti] “th] |}—tj]
E [0]F;] = 0.
And so
j—1
E [XT|FS] = E [eti (w) [BtH—l - Bti] (w)]
i=0
1
= €t; (w) [BtiJrl - Bti] (w)
=0

Is X7 Fr-adapted? Yes, since if ¢;11 < t, =T, then both e;, and By, , — By are both F, ,,-adapted.

Therefore X7 is a martingale. O

Theorem 16. (Ito isometry). For a bounded elementary function ¢ (t,w),

(/STqﬁ(t,w)dBt)Q —E[/ST¢(t,w)2dt].

Proof. Since increments of Brownian motion are independent, and by the Tower Rule,

([ swran)

=K (Z 6% [Bti+1 - Btz])
=0

= ZE |:6t Btz+1 Bt,] ]

- ZE et H—l —t; ):|

:IE[/S d)(t,w)zdt].

O

Theorem 17. The elementary functions are dense in the class of Ité integrable functions with respect

to the L2 norm.

11
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Proof. See Ch 3.1 of Qksendal [3]. O

Definition 18. Suppose that f : Ry x @ — R is It6 integrable and ¢, is a sequence of elementary
functions converging to f in L? (Ry x ), i.e. E [fg (¢ — f)2 dt] — 0.

Since (¢y,) is a Cauchy sequence then by the It6 isometry, and as n,m — oo

E l(/gT(¢n—¢m)dBt)2 =E[/T(¢n—¢m)2dt] 50

S
i.e. the sequence ( /. g d)ndBt> forms a Cauchy sequence in L? (2), which is complete and therefore has

a limit.

Then the It6 integral for f is defined as the L2-limit

T T
/ F(t)dB = lim / 6n (1) dBy.
S n—oo S
This makes the Itd isometry and 15 true for all It6 integrable functions.
Definition 19. A stochastic process Xy is an Ité process if

t t
Xt—on/Usst—i-/Vsds
0 0

which for short is written as

dXy = U dB; + Vi dt.

Theorem 20. (It6 formula) If X; is an Ité process, i.e. dX; = UidBy + Vidt, g(x) is C?, and
Y: = g(Xy), then Y is an It6 process and

1
dYy = ¢' (X¢) dX: + 59” (X) d (Xy, Xo)

where d (X;, X;) = d (X)) = V2dt.

Proof. See p. 46-48 of Dksendal [3]. O
If By (w) = (B},...,B{") is an m-dimensional Brownian motion, U; (w) an n-dimensional column
vector, V; (w) an n x m-matrix, and X; = (X},..., X]") satisfies

dX(t) = Utdt—FV;g dBt
then X; is an n-dimensional It6 process.

Theorem 21. (Multidimensional Ité formula) If Xy is an n-dimensional Ité process, i.e. dX(t) =

Updt +V;-dBy, g: R" = RP is C? and Y; = g (Xy), then Yy is an Ito process with

)

9k i 1L & gi i j
dy; = §i : o (XD AX]+ o Eijj S, (X)dX] - dX]
where dB} - dB] = §;;dt and dBidt = 0.

12
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4 Harmonic Functions

A subset D C R™ is a domain if it is open and path connected. A function f : R™ — R is harmonic
on D if f is C? and
Af=V.Vf= Zn: 82_f
- e 0x?

everywhere on D.
A function f : R™ — R satisfies the mean value property on a domain D if, for all x € D and
0 <e<dist(z,0D)=inf{|z —y|:y € OD}
f(z) = - f(z + ey)dA(y) = MV(f, x,€)
where dA(y) is the normalized surface measure for the unit ball B, i.e. [;5dA(y) = 1. That is, f(x)

is the average of the values of f on any sphere around z (contained wholly in D).

Proposition 22. If a continuous f : D (C Rd) — R satisfies the mean value property then f is
C>(D).

Proof. Let ¢ : RY — R be spherically symmetric, C>, supported on B = {z : [z| < 1} and [y, ¢ (z) d%z =
1. (Such a function exists). Then ¢ (z) = ¢ (%) is supported on eB.

Since f satisfies the mean value property and ¢ is spherically symmetric, for small enough e

/fw+y¢e y—/f ) 6 (y — 2) d?

d"f(z) " d
e Rdf(y) e (Y —2) d%

and so f is C°. O

Therefore

Theorem 23. A function f : D (C Rd) — R is harmonic on a domain D if and only if it satisfies the

mean value property on D.

Proof. Let B = {x: |z| < 1}. First, suppose that a continuous f satisfies the mean value property.
Then, for all small enough €, MV (f,z,e) = f (z) and, for all small enough 4,

MV (fz,e40) =MV (fize) _ [ flet(etdn)—flere)

0= 5 0B 5

If fis C? then Vf is continuous on D and so

fl@+(e+d)y) — f(z+ey)
5

13
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is bounded. Then by the dominated convergence theorem

d Na) —
0= MV (fr=lm | ACANGR RS (CEL W

/8 (x + ey) dA(y)
[ 5Vt a) dAw.
OB

By the divergence theorem

| vViGra) daw) = [ af@rapay —o
0B B

since y € 0B, for all small e.

If, for some z € D,Af(z) = ¢ > 0, then since f is C? and so Af is continuous, then Af(z) > 0 on
some small ball around z, say of radius ¢, and so [z Af (z + dy) dV > 0. Therefore Af (x) = 0 for all
x € D so f is harmonic.

Now, suppose that f is harmonic. Then

d
EMV(f,x,e) :/BAf(x+ey)dV:0

for all small enough € and all x € D. Then since MV (f,z,0) = f(z), MV (f,x,e) = f(x) for all

small enough € for all x € D. O

Theorem 24. (Mazimum principle). Suppose D is a bounded domain and f is harmonic on D and
continuous on D. Then

max max
nax f = max f.

Proof. Since D and 9D are closed and bounded, both f achieves a maximum on both. Suppose that
x € D is a maximal point for f.

Then |p — z| for p € D also achieves a minimum, say d at p € dD. Let d,, ,/* d. Then the balls
B (z,d,) C D and let

yn:$+%(p_$)

Yo —p = (1—%") (z —p)

S0 yn — p as n — oo and |y, — x| = d,, so y lies on the sphere of B (x,d,).

and so

Since f is harmonic it satisfies the mean value property, i.e.
maxf f(z / f(z+ dpz)dA(2).

14
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But this implies that f must equal f(z) on the sphere of B (z,d,) and so f (y,) = maxp f also.

Then since f is continuous f (y,) — f (p) = maxy f, so

max | = max J.
BDf Ef

5 Dirichlet Problem

Suppose that D is a domain and F' : 0D — R. The Dirichlet problem is: does there exist a f: D — R
such that Af = 0 on D, and f is continuous up to the boundary and approaches F', i.e. if x,, = x € 9D
then f (z,) — F (x)?

We would like to solve this problem with Brownian motion. In particular, if B; is a Brownian
motion and 7p =inf {t : By ¢ D}, i.e. the time By leaves D, then f(z) = E*F (B;,) is a solution, but

only for some boundary conditions.

Example 25. If D = D\ {0} C R?, then f(x) = log|z| is harmonic on D and f(z) = 0 on dD and
f(z) = —o0 as  — 0. But Brownian motion hits single points with probability 0, so E*F (B,,) = 0.
Therefore, changing F' at single points will not change E*F' (B;,,).

On a domain D let B; be a Brownian motion and define
f(x) =E*F (Br,)

on D, which is the expected value of F' when B; leaves the boundary, starting at z. If Be (), the ball
of radius € around z, is inside D, let S = inf {t : B; € Bc (x)}, i.e. the time when B; leaves the ball.
By the a.s. continuity of By, S < 7p a.s. too.

Let B, = Bi+s, and so B,—BgisaB.M. by the strong Markov property, and 7p = inf {t : B, o4 D}.
Since S < 7p, the time shifted Brownian motion leaves D in the same place as By, i.e. By, = B»f-D.
By the Tower Rule

f(z) =E°F (B,,) = E°F (B%D _Bs+ BS>
— RER® [F (B;.D — Bg + Bs) | ]'-5}
—E°EF (Bs,)

=E*f (Bs)
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since f (Bg) = EBsF (Bﬁ;)- Moreover Brownian motion is spherically symmetric and so E* f (Bg) =
MYV (f,x,€). Therefore f satisfies the mean value property in D and so is harmonic.

Proving continuity up to the boundary is harder, and here we’ll consider just R? (and C).

Definition 26. A point z € D is a connected boundary point if it is contained in a connected subset

of 0D that is not just a point.
Lemma 27. If 0D contains at least two points which are connected, then Tp < oo almost surely.

Though we will not give a formal proof of this, it follows from the fact that Brownian motion has
a positive probability of making a loop which separates the two connected boundary points. This loop

must leave D. A corollary of this is the following:

Proposition 28. In R?, if z € 9D is a connected boundary point and F : 0D — R is continuous at z,

then f is continuous up to z and approaches F (z).

Then if D is such that every z € 9D is a connected boundary point, then f(z) = E*F (B;,) is
harmonic on D, and if z,, - x € dD, then f (z,) = E*»F (B,,) — F (z) and so f solves the Dirichlet

problem.

6 Lévy’s Theorem

Definition 29. A stochastic process X; is a local martingale for t < 7, where 7 is a stopping time

Fy-stopping time, if
e there exists a sequence of stopping times 7, such that 7, < 7,41 a.s. and 7, — 7 a.s.

e and for all n, the stochastic process (Xiar, );~( is @ martingale.

Theorem 30. If f : R" — R is harmonic on D and By = (B{,...,B}) is a My-Brownian motion
then f (By) is a local martingale for t < 7p = inf {B; € 9D}.

Proof. Define the stopping times 7, = inf {¢ : dist (B¢, 0D) < 1/n}. Then Bj,, = fot 10,71 (s)dBL =
fgm—" dB! is an Ito6 process, i.e. dBZ,\Tn = l[o,Tn]dBf. For all ¢, Bipr, € D.
Also, dBj,, -dB},, =1y, dB} 1, dB] =1, 0;t.

Then since f is harmonic on D, Af = 0, and so by the multidimensional It6 formula

16
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of i 1 0*f i j
df (Binr,) = 9 (Binra) dBinr, + 5 Z S, (Bipr,) dBin,. - dBi,.

0
= Z &f (Bt/\rn) 1[0 Tn]dBt 2 Z Oz 2 Bt/\Tn) 1[0 Tn]t
= 1[0,Tn]Vf (Biar, ) - dBy.

Then by Proposition 15, that It6 integrals are martingales, f (Binr,) is a M-martingale.
Since B.M. is continuous a.s. then 7, < 7,41 a.s. and, for a given w, B, (w) cannot go arbitrarily
close to the boundary without also hitting it, so 7, — 7 almost surely.

Therefore f (By) is a local martingale. O

6.1 Time changes

Suppose X; is an It6 process given by dXy; = UidB; + Vidt. Let Xu = Xa-—l(u) where u is the new

timescale, given by u = o(t).

Proposition 31. Assume that o (0) = 0 and o’(t) > 0, and so the ordering of times is unchanged.

The time changed X, is an Ito process and
dXy = Uy-1uyy/ (071 (W)dWy + Vo1 (071) (w) du
where W, = fog_l(u) Vo' (s)dBs is a Brownian motion.

Proof. That Vidt transforms to V,-1(,) (0'_1)/ (u) du is just due to the chain rule. Clearly W, is an It
process with no drift term, and so is a local martingale by Proposition 15.

By the It6 isometry,

_1(u

EW?2 =E

(" vmn)
. /-<u>, ]
/‘1(u) ) ]

=FEu=mu

=E

Also Wy = 0. By Theorem 32, W, is a a Brownian motion.

17
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Then since u = o (t),

and so
qu = dX071(u) = U071(u) (O'_l)l (u)qu + Vafl(u) (0'_1)/ (u) du.
O
Theorem 32. Let X; = (th, ... ,Xtd) be a d-dimensional stochastic process. If X} is a continuous
local My-martingale, Xog = 0 and <Xti, Xg> = 0;;t, then Xy is a d-dimensional Brownian motion.
Proof. Omitted. See Theorem 5.9 and Corollary 5.10 of Bass [1]. O

Definition 33. A function f : D — D’ where D, D’ C C are domains is conformal if it is holomorphic

and one-to-one.
If f is conformal, then f’(2) # 0 for all z € D.

Theorem 34. Lévy’s Theorem (Conformal Invariance of Brownian Motion). Let D C C be a

domain, f : D — f(D) be a non-constant onto conformal map, and By = B} + iB? a complex

t
z/ | (Bs)|* ds.
0

Then X, = f (B0—1(u)) is a complex Brownian motion and

Brownian motion. Let

' (B “1(w)
T (Bomrw)]

where W, = [ /o7 (s)dB, = [ ™ |f' (B)| dB,.

Proof. Let f(z) = u(z) + iv (2) where u,v: D — R.

AWy,
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If f is holomorphic then v and v are harmonic, so by It’s formula

du (B;) = Vu (By) - dBy
= u,dB} + iu,dB;}
= u,dB} — iv,dB?
dv (B) = Vv (By) - dBy
= v, dB} + iv,dB?

= v, dB} + iu,dB?

Since f satisfies the Cauchy-Riemann equations, u, = vy and uy = —v,. Also, ' = uy + iv,.

Therefore

df (By) = uydB} — iv,dB} + i [v,dB} + iu,dB;]
= [ug + v dB} + i [ug + ivy] dB}
= f'(By) [dB} +idB})
= f'(By) dB;

By Proposition 31 W, is a complex Brownian motion and

f' (Bo-1(w)
dx, = L \Zo W)
| f" (Bo-1(w)]

is an It process. Note that f’ (Ba_1(u)) / |f’ (BU_1(U))| is a phase, say, expif (u,w), and Xy = 0.
If W, = Wl +iW?and X, = X} +iX2, then

dW,

X! = / cos 6 (v) dW,} — / sin 6 (v) dW2
0 0

X2 = / sin @ (v) dW,}! +/ cos 6 (v) dW?.
0 0

Therefore

E|(X)’] =E

</0u cos B (v, w) dW,} — /Ou sin 6 (v, w) dW3>2]
=E l(/oucosﬁdel)2]
—2E [</Ou cosé)dWUl) (/Ou sinedwf)]

+E

([ o))

19
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Since B} and B? are independent, so are W} and W2, and fou cos 0dW,! and fou sin §dW?2. Therefore,

| ([ )]
=E /0 " cos? 0dv] +E { /0 *sin? HdU]

u
=K / ldv} =u.
0

by the It isometry

+E

E[(X))"] =E (/Ou cos edwg)Q

Similarly E [(Xé)ﬂ = u. Finally, the covariance is zero:

E[X1X2] =E [(/Oucose(v)dwg—/Ousine(v)dwg) </Ousin9(v)del—i—/OUCOSH(v)dWUZ)}
=1E[/Oucose(u)dwg/Ousine(v)dw,}] +E[/Oucose(v)dwj/Oucose(v)dwg]
—IE[/Ousine(v)dwvz/ousinH(v)dWUl] —]E[/Ousinﬁ(v)dez/Oucosﬁ(v)de]

and so by Theorem 32, X, is a standard complex Brownian motion. O

7 Harmonic Measure

For z € D C R% and E C 0D, let 7p = inf {t >0: B; ¢ D}, i.e. the time By leaves D. The harmonic
measure is
Hp(z, E) =P*(B;, € E) =FE*15 (B;,) .
Since 1g is bounded on 0D then Hp (z, E) is harmonic in z.

It is also the distribution of the random variable B, and so is a probability distribution.

Example 35. Consider the open annulus D = {r < |2| < R} in R2. What is the probability of a
Brownian motion leaving through the inner radius, i.e. what is Hp (z,rT) (where T is the unit circle)

for some z € D?

Let
u(z) = log R — log | #|
~ logR—logr '
Note that Alog|z| = 0 in R%\ {0}, so Au(z) = 0 on D. If |z| = 7 then u(z) = 1 and if |z| = R then
u(z) =0.

Then, by uniqueness, Hp (z,rT) = u(z).
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8 Green’s Functions

Given a domain D C R? (or C), a Green’s function on D, Gp(x,y) is characterized by
1. Gp (z,y) is C? and AGp(z,y) =0 if z # y,
2. Gp (z,y) =0if z or y are in ID,

3. AGp (z,y) acts like the delta function. More precisely, if g € C*° and compactly supported
inside D, then [}, Ag(z)Gp(z,y)d*z = —2mdg(y).

These imply Gp (z,y) = Gp (y,x). Then if p is C* and compactly supported inside D (and possibly

with weaker assumptions), then
f@) = [ pwGot. o)y

solves the general Dirichlet problem Af = p on D and f|sp = 0.
Here we will define the Green’s function on D probabilistically. The existence proof uses an idea

due to Lawler.

Theorem 36. Let D C C be a domain and suppose z,w € D. Then the limit

Gp(z,w) = — lgr(l) loge - Hp\ 5 (z,0Bc(w))
= —li_r)%loge - P? {7_8B6(w) < TBD}
exists and is called the Green’s function on D.

By translation invariance, it is enough to show that Gp(z,0) exists.

Also, let D,, = D\e~“D and D,, = D\e~4D.
Lemma 37. If D is a domain such that 0D contains at least two connected points then
- K
Hp, <ew,e_“1f) < —
u
for all 0, and where K depends only on D.

Proof. By scaling invariance assume that e) C D. For a Brownian motion starting at ¢? and ending
at e7"T, like in Figure 8.1, either it stays entirely within elD or leaves eld and then hits e7“T, after

passing through the unit circle.
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Figure 8.1:

Let
0= Hg =5 (¢”,e7T)

i.e. the probability that a Brownian motion starting at e hits e *T before €T,
M = max Hp, (ew, e‘“T)
i.e. the maximum probability that a Brownian motion starting on T exits through e T,
L= mgux Hp, (el"'w, ']I')

i.e. the maximum probability that a Brownian motion starting on eT will exit through T.

Then

Hp, (a“’, e‘“’]I‘) <a+(1—a)ML.

Since this is true for all # and since Hp, is continuous, then M < a + (1 —a) M L. Therefore

M < ﬁ From Example 35, a = Also, since 0D contains a connected component, then

u_+1
for any Brownian motion starting on €T, there is some positive probability that the B.M. will hit this
component before it hits T, so L < 1. Then

1 (1-L)"
M < < :
“14+u(l-L) u
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We’ve used the strong Markov properties implicitly above in restarting the Brownian motion at

the circles T and eT.
Proof. Let 0y, = To—up = inf {t : |B;| = e~ *}. Then

P’ {B,, €e T} =P" {0, < p}

—pe”’ {ow<o_1}+ pe”’ {o_1 < oy&oy, < D}

1 i i
= u+1 +]P)ee{0'_]_ < Ou}Pee{au < TD’O’_I <O‘u}.

By the strong Markov property, if Bg = B, ,+s then g, = inf {t : ‘Bs

= e‘“} =o0,—0_1 . Then

i0 1 U N . N
P {o, <7D} = 1 +u+1IP’B"—1 {00 < 0y <7D}
1 U - - - o -
= vl + o 1]P>BLI {00 < TD}]P’BLl {du < TDloo < D}
1 U

u+1+u+1

LPP% g, < 7}

And so M <a+ (1 —a) LM. Then the proof proceeds as before to show

1 (1—L)*
< < .
M‘l—i—u(l—L)‘ u

Proof. (Theorem 36)
The proof of Theorem 36 is very similar, except now one bound is tighter.
Again, for a Brownian motion starting at e %% and ending at e *T and if u < v, like in Figure
8.2, either it stays within D or leaves D and then hits e T, after passing through e “T.
Let

a = H]D)U (e_“He, e—vT)
i.e. the probability that a Brownian motion starting at e~%+% hits e=*T before T,
M =max Hp, (e_““g, e_”']I‘)
[%

i.e. the maximum probability that a Brownian motion starting on e T exits through e™"T,

| K
L =maxHp, (e“’, e_“’]I‘) <K
0 u

i.e. the maximum probability that a Brownian motion starting on T will exit through e™“T.
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Figure 8.2:

By the same reasoning,

Hbv@ﬂ””mﬂw)ga+wl—aMWL
Again, since this is true for all 8, and since a = u/v, then M < a+ (1 —a) ML and so

a u/v
< < .
“1-(1-a)L ~ 1-K/u

M

Of course, to find Hp, (z,e 'T) we start at a z € D. If a Brownian motion starting at z hits e T

it must pass through e T and so
Hp, (z,e"'T) <M - Hp, (2, "T).
The probability of going from e T to e "T is in D greater than the probability inside D (C D) so

Hp, (2, "'T) > — - Hp, (2, "T).

SHEES

Therefore

—u —v u —u
uHp, (z,e "T) <vHp, (z,e T)gm.HDu(z,e T).

Note that the middle term depends on v and not u, and the sandwiching terms depend on u and
not v. Moreover, the sandwiching terms become close together as u — oo, so vHp, (z,e7'T) is a
Cauchy sequence and so has a limit as v — oo.

In particular,

U K
— = <2K
YT K/u L—KM"
for all large enough w. Also as u — oo, Hp, (z,e “T) — 0 by Lemma 37. O
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Proposition 38. Let U be some neighborhood of 0 in D. Then Gp (z,0) + log|z| is bounded on U,
i.e. 0 is a removable singularity. Therefore Gp (2,0) +log|z| can be extended to be continuous on all
of D.

Proof. Without loss of generality assume that D C D. Then for |z| < 1

_log|z|

log |z K
glel | K

< Hp, (ze"T) < —— =+~

i.e. the probability of hitting e T from z is greater than if the Brownian motion is contained within
the disk, and is equal to going in inside the disk or, starting at T going to e~ "T, which is bounded by

K/v. Then
0 <vHp, (z, e_”']I‘) +log|z| < K

and so by taking limits, for all 0 < |z| < 1

0<Gp(z,0) +loglz| < K.

Proposition 39. For all z € D\ {0}, Gp (#,0) is harmonic.

Proof. Let f(z) = Gp(2,0) and

fn(2) =nHp, (z,e7"T)
and so for all z € D\ {0}, f,, (2) — f(2). From the proof of Proposition 36 for all n > u and for some
large enough u,

uoo_
1-K/u~ 1-K/u

fn(2) =nHp, (2, "T) < Hp, (z,e “ID)

The harmonic measure is harmonic in z and so satisfies the mean value property. So for all

sufficiently small §
27 ) de
fule)= [ ntp, (s 40, map) 57,
0

™

By the dominated convergence theorem

2
T ; dé
f(z)=lim f,(z) = lim nHp, (z + e5+19,e—”am>) —
2m ) do
= / lim nHp, (z + 110, e_”B]D)) —
g n—x 2
2w
; do
:/ Gp (z+e‘s+“9,0) —
0 2T
and so f satisfies the mean value theorem for all z € D, so f is harmonic. O
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Lemma 40. Suppose that u is harmonic on a bounded domain D, continuous on D and u = f on OD.

Then u s unique.

Proof. Suppose that v is also harmonic on D, continuous on D and v = f on dD. Then by the
maximum principle,

mﬁax(u—v):r%%x(u—v):r%%x(f—f):0
sou=uvon D. O

Proposition 41. If g is harmonic and bounded on €D\ {0} for some € > 0 then ¢g(0) = lim,_~q g(2)

ezxists and the extended function g : €D — R is harmonic.

Proof. Without loss of generality, by scaling, suppose that D is compactly contained in D and let
D' =D\eD and g (z) = Gp (2,0) + log |2|. Again let B; be a B.M. and 7ps = inf {t : B; ¢ D'}.

Then by Lemma 40, and since E?g (BTD,) is harmonic on D’ and takes the same boundary values,

9(z) =E°g (Brp)
for all z € D’. Denote the characteristic function by 1. Then, for z € D\ {0}
E*g (B-,,) = E? [(1BTD, er+ 18, Ge’]l‘) g (BTD,)}
= F? [g (Br,) 1p, , e’ﬂ‘] + E* [1BTD, ceTy (BTD,)} )

Since g is bounded on I by Proposition 38, by K say

Eg (B,,) < E* [g (Bry) 15, , eﬂ +E? [1 B, GGTK]

= [E* [g (Bry) 1B, GT} + KP* (B, € €T)

and similarly

E%g (Br,,) > E* |9 (Br,) s, 1| - KP* (By, € cT).
And so, for all e > 0
l9(2) B [9(Br,,) 15, e1)| < KP* (B, € eT).

Almost surely By leaves D without passing through 0, so for a fixed w € 2, By fromt =0tot = 7p

is a closed path, and so for all € < § for some &, 7p» = 7p and so as € — 0, almost surely

1BTD’ €Tg (BTD/) — 4 (BTD) :
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Then since both are bounded by K and by the dominated convergence theorem

E* [g (B"'D’) 1B7-D/ GT] - Ezg (BTD)

as € — 0. Similarly as € — 0, P? (B € e']I‘) — 0. By taking limits as € — 0 then

Tp/
lg (2) —E*g (Br,)| <0

ie. g(z) = E*g(B;,) for all z € D\ {0}. Then the harmonic extension of g to D is just g(z) =

Lemma 42. Let ¢ be a C? function compactly supported in D. Then, integrating by parts gives,

/ Ay (2)log |z| d*z = 2wy (0).
D

This is a standard analytic fact proved using integration by parts. Therefore

0= /Dgo(z)A[GD (2,0) + log |2|] d?z
= /DQO(Z) AGp (2,0)d*z + /D ¢ (2) Alog|z| d*z
/D ¢ (2) AGp (2,0)d*z = —2m¢ (0)
ie. AGp (2,0)“ =" —2m0 (z) in the sense of distributions.
Lemma 43. If z € 0D is a connected boundary point and z; — z with z; € D, then Gp (z;,0) — 0.

Proof. From the proof of Theorem 36, we had the following inequality, for all n > u and a large enough

u:
u
1-K/u

We can assume that z; and z are away from 0, so by taking limits

fn(zi)) =nHp, (zi, e_"']I‘) < Hp, (zi, e_“']I')

u

G (21,0) < Hp, (20, T) y—p 7o

However as z; — z € D then Hp, (z;,e “T) — 0 so

Gp (#,0) — 0.
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RT
f (e "T)

Figure 8.3: The image f (e~"T) is sandwiched between rT and RT, which converge to e ™ |f’ (z)| T.

Therefore the probabilistic definition of the Green’s function satisfies the usual properties, and so

is the unique Green’s function on D.
Lemma 44. Green’s functions are unique if D is a bounded domain.

Proof. Suppose Gp (z,0) and G, (z,0) are both Green’s functions on D. Then Gp (z,0) +log|z| and
G’y (2,0) 4 log |z| are both harmonic on D and have the same boundary values so by Lemma 40 they

must be equal and so

Gp (2,0) = G (2,0).
O

It turns out that Gp (z,y) = Gp (y,x), which can be proved from the analytic characterization
of the Green’s function. More surprising is that the Green’s function is invariant under conformal

transformations:

Theorem 45. Suppose that D is a domain and [ is conformal and onto. Then

Gp (z,w) = Gppy (f (2), f(w)).

Proof. That Gp (z,w) = Gp4sz (2 + z,w + z) follows easily from the definition of Gp and the trans-
lation invariance of Brownian motion.

Then we can assume that f (0) = 0 and it is enough to show that

Gp (270) = Gf(D) (f (Z) 70) :
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By the conformal invariance of the harmonic measure

Gp(2,0) = lim nHp, (z,e "T)

n—oo

= lim an(D)\f(m) (f(2).f(e"T))

n—oo

where f (D) \f ( —”ID)) f (Dy,) since f is bijective. Also
Fz+0) = f(2) =0 (2) + 6°h(8)

where

1

L@ ()4 %5 £® () 4 %52 FD () 4.

o) =75

Let § = =" and m = miny |h (ew_”) ‘ By the triangle inequality and reverse triangle inequality
[ [ (2)] = e 2"m| < 1f (= 48) — f ()] < | ()] + e >m
and so for large enough n
r=e | @) e m < (4 0) ~ fR < @) e m =R
Note that J, m, r and R all depend on n. As n — oo then m — |f(2 )‘ Then by Figure 8.3
an(D)\@ (f(2),rT) <nHpp,) (f (), f (e_nT)) < an(D)\R]D) (f (2),RT).
Also since r < |f' (2)| < R,
nH ypyis (f (2),7T) < nH ) = (f (2) e [F/ (2| T) < nHyp) 75 (f (2), RT).

Also
| Hy oy (7 (2) BT) = iy (F (2)rT)| = 0

as n — oco. Then

nHp,) (f (2), f (e7"T)) = nH, ) =y (f (2) €7 [/ ()] T)

as n — oo and so

Gp (2,0) = — lim loge™ Hf(D)\W( ), e " |f (2)|T)
= _,}1_,1{,10 log | f' (2)[e™™ —log|f' (2)|] - H F(D)\e— "|f’(z)|]]])( e " [f (2)| T)
== i log| " ()] €™ - H pp e=pprayp (f ()77 17 )|T)

=Gy (f(2),0).

29

NAVE



7 VACATIONRESEARCH

< SCHOLARSHIPS2018-19

Example 46. Suppose that D =D. What is Gp (z,0)? From Example 35,

0—log|z|

nHp, (2, "T) =n = —log|z|

0 —loge™m
and so Gp (z,0) = —log |z|.
From complex analysis, all the Mobius transformations (which are conformal) that map D onto

itself are given by

z—a
A (2) =
(2) 1—az
where a € D and |a| = 1. Let
z—w
A =
(2) 1—-wz

Then by Theorem 45

One use of Green’s functions is to prove the Riemann mapping theorem.

Theorem 47. (Riemann Mapping Theorem). Suppose that D C C is a simply connected domain and
D # C. Then there is an onto conformal map f: D — D.

In particular, the onto conformal map is given by
f(z) = exp[=GDp (2,0) +ih (2)]

where h is a function making f holomorphic. We can show that such a h exists. For a proof of the

Riemann Mapping Theorem using Green’s functions see pp. 317-320 of Bass [1].

9 Poisson Kernels

Again we consider only C and R2.

Definition 48. Let D be a domain, z € D and suppose that v is a suitable subset of dD. Then

Hp (5,7) = / Pp (2, w) |du|
Y

determines the Poisson kernel Pp (z,w) : D x 0D — R™.

The Pp (z,-) is the Radon-Nikodym derivative of Hp (z,-) with respect to the arc length measure
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If «y is parameterized by T, i.e. v =T ([0, 1]) then the arc length of v is
1
b= [ I ola
0
and so |dw| = [T (¢)] dt.

But what does it mean for an arc in 9D to be suitable? At the very least I (¢) needs to be defined
on [0, 1] except perhaps on a measure 0 subset.

What we’ll actually define the Poisson kernel on is the set of analytic boundary arcs.

Definition 49. Let D be a domain with boundary 0D. Then w € 9D is an analytic boundary point
(a.b.p.) if there exists a domain D’ and an onto conformal map f : D — D’ such that f(0) = w and
f(DNH)=DnND' Then f maps bijectively (—1,1) to 9D N D’.

An subset v C 9D is an analytic boundary arc (a.b.a.) if every w € « is an analytic boundary

point.
Lemma 50. Suppose that f is onto and conformal on D and continuous on D. Then f (0D) C df (D).

Proof. Let w € 9D. Then f (w) is a boundary point of f (D) if f (w) & f (D) and f (w) is arbitrarily
close to f (D).

Suppose that f (w) € f (D). Then since f is a bijection, f~!f (w) = z must be in D, which is
false. Since w € 0D, there exists a sequence w, — w with w, € D. Then since f is continuous on D,

f(wn) — f(w) and f (wy) € f (D). L

Fact 51. Suppose that a conformal mapping g : HND — D is continuous up to RND and |¢' (2)]
is bounded on H N €D, then g extends to an analytic function g : €D — Bs(g(0)) for some € and §.
Hence, g (0) is an analytic boundary point of OD.

Proposition 52. Suppose that g : D — D is conformal and onto, and continuous on D, w € 0D is

an analytic boundary point, and |g'| is bounded around w. Then g (w) is an analytic boundary point of

dg (D).

Proof. Since w € D is an a.b.p. there is a conformal map f : D — D’ and a domain D’. Then since
f(DNH) =DnND"it follows that g o f is defined on D NH and is conformal.

Also f (DN E) = DND’ and so go f is continuous on DNH. Moreover (go f)' (2) = f' ()¢ (f' (2))
and so |(g of(z ‘ is bounded on D N eH for some €. Then by Fact 51, go f (0) = g (w) is an analytic
boundary point of dg (D). O
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Theorem 53. Let D be a domain and f : D — f (D) an onto conformal map and holomorphic on D.

Then
Pp (z,w) = Ppy (f (2), f (w)) - | ' (w)]|
for all analytic boundary points w if both Poisson kernels exist.

Let D be a domain and f a conformal map on D (or more precisely, a conformal map on a domain

containing D). Then
Pp (z,w) = Pyp) (f (2), f () - [f' (w)]

for all a.b.p.’s w if both Poisson kernels exist.

Proof. Let v be an analytic boundary arc in 9D containing w. Then f (w) is an a.b.p. of df (D).
Similarly for all a.b.a.’s E C ~, f(E) is an a.b.a. in 9f (D).
By the conformal invariance of the harmonic measure, for all z € D
/EPD (z,w) |dw| = Hp (2, E) = Hyp) (f (2), f (E)) = /f(E) Prpy (f (2),) |dv].
Let u = f~! (v). Then |dv| = |’ (u)||du| and by change of variables
[P (F @0kl = [ Py (7 ), @) | @) 4]

Since this is true for all a.b.a.’s E then

Pp (z,w) = Pyp) (f (2) . f (w)) - | f" (w)].
O

Example 54. What is Pp (0, w) for w € 0D? Since for any analytic boundary arc E C 9D, by the

rotational symmetry of Brownian motion

|E]

Hp (0,E) =P (B,, € E) = o

and so
E
[ 51wl =V = 15 0.5,

Therefore Pp (0, w) exists and is 1/2x.
Then using Theorem 53 we can find Pp (z,w). Recall that
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is a conformal and maps D onto itself. Then

Py (2,w) = Py (A (2), A (w) - [N (w)|

zZ—w 1
— P )
D(l—@z’o) ’1—

1 1
27r1_|w|2'

Proposition 55. Let D be a simply connected domain, z € D and v C 0D an analytic boundary arc.

Then for all a.b.a.’s E C v the Poisson kernel exists.

Proof. Let w € 7. By the Riemann mapping theorem there exists an onto conformal map f: D — D
such that z — 0 and w — 0.
By the conformal invariance of the harmonic measure, for all a.b.a.’s £ C ~,

ol
2w

Hp (2, E)=Hp (0, f (E)) =

Also, by change of variables v = f (w),

L, E
/Eﬂ\f (w)Hdw\:/( )zﬂ]dvy 7(2)

1 (2.8) = [ 5o1f () ldul.

and so for all a.b.a.’s E

O

Therefore 5= | f/ (w)| is the Radon-Nikodym derivative with respect to |dwlon 7, and so the Poisson

kernel exists for D and

PD(Zw=—|f )|

Proposition 56. Let D be a domain (not necessarily simply connected), z € D and v C 0D an

analytic boundary arc. Then for all subarcs E C v the Poisson kernel exists.

Proof. Without loss of generality suppose that D is bounded. (If D is not bounded, choose an interior
point of D¢ w say, and let A be a Mobius transformation sending w to co. Then A (D) will be bounded.
If there are no interior points of D¢, it is still the case that we can make the image of D to be bounded
under some conformal map.)

Let D' = “D filled in”, that is, if y is a closed Jordan curve in D, then the interior of ~ is in D’.
Then D’ is a bounded simply connected domain and so by Proposition 55, the Poisson kernel exists

for all analytic boundary arcs in 0D’.
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Let g = inf {t : B, € D’\D}, i.e. the time when B, first hits one of the filled in parts of D¢, and
S = D'\D, i.e. the filled in parts. Suppose that E is an analytic boundary arc of 9D’ (and so of 9D
too). By Proposition 55,
P*{B,,,6 € E} = /EPDr (z,w) |dw]

for some Ppr (z,w). For a path in D’; either By hits one of the filled in parts before leaving E, and so
the path does not leave E in D, or doesn’t hit one of the filled in parts, and so leaves D through FE.

L.e. either 7¢ < 7pr or Tpr < Tg.

P*{B,, € E} =P*{B;,, € E,7py <75} +P*{B,,, € E,75s <7p'}

and so P? {BTD, cE, < Ts} =P?{B;, € E}. Also if ( = B,

P*{B,;, € E,7s <71p'} =P {rg <7p} P*{B;,, € E|rg < 7p/ }

Tp!

- / Hp (2,d¢) P { B, € E}
o(D'\D)

Tp/

- / Hp(z,d{)P*{B,,, € E}
d(D'\D)

- / Hp (z,dC) / Ppr (¢, w) |dw|
9(D'\D) E

_ / / Ppyr (Cw) Hp (2, dC) |du] .
E Ja(D'\D)

Therefore
P*{B,, € E}=P*{B,,, € E} —P*{B,,, € E,75 <7p'}
= / PD’ (sz) _/ PD’ (Caw) HD (Z,dC)] |dw|
E d(D'\D)
and so the Poisson kernel exists for D. O
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